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...Abstract The energy release Ls on the surface of a neutron star (NS) with a weak magnetic
field and the energy release Ld in the surrounding accretion disk depend on two independent
parameters that determine its state (for example, mass M and cyclic rotation frequency
f) and is proportional to the accretion rate. We derive simple approximation formulas
illustrating the dependence of the efficiency of energy release in an extended disk and in
a boundary layer near the NS surface on the frequency and sense of rotation for various
NS equations of state. Such formulas are obtained for the quadrupole moment of a NS, for
a gap between its surface and a marginally stable orbit, for the rotation frequency in an
equatorial Keplerian orbit and in the marginally stable circular orbit, and for the rate of NS
spinup via disk accretion. In the case of NS and disk counterrotation, the energy release
during accretion can reach 0.67M˙c2. The sense of NS rotation is a factor that strongly
affects the observed ratio of nuclear energy release during bursts to gravitational energy
release between bursts in X-ray bursters. The possible existence of binary systems with
NS and disk counterrotation in the Galaxy is discussed. Based on the static criterion for
stability, we present a method of constructing the dependence of gravitational mass M on
Kerr rotation parameter j and on total baryon mass (rest mass) m for a rigidly rotating
neutron star. We show that all global NS characteristics can be expressed in terms of the
function M(j,m) and its derivatives. We determine parameters of the equatorial circular
orbit and the marginally stable orbit by using M(j,m) and an exact solution of the Einstein
equations in a vacuum, which includes the following three parameters: gravitational mass
M , angular momentum J , and quadrupole moment Φ2. Depending on Φ2, this solution can
also be interpreted as a solution that describes the field of either two Kerr black holes or two
Kerr disks.
Keywords: neutron stars, luminosity, disk accretion, X-ray bursters
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Introduction
Observational Facts. Three independent observational facts have prompted us to revert
to the problem of disk accretion onto neutron stars (NSs) with weak magnetic fields, which
have virtually no effect on the accretion dynamics.
(1) The discovery of an accreting X-ray pulsar/burster with rotation period p = 2.8ms
(cyclic frequency f = 1/p = Ω/2π = 401Hz) in a binary system with an orbital period of 2
h, SAX J1808.4 - 3658 (Van der Klis et al. 2000; Chakrabarty and Morgan 1998; Gilfanov
et al. 1998).
(2) The detection of quasi-periodic oscillations in X-ray bursters during X-ray bursts with
frequencies of 300 - 600 Hz from the RXTE satellite (Stromayer et al., 1998; Van der Klis et
al., 2000). In the pattern of slow (in seconds!) motion of the nuclear helium burning front
over the stellar surface, these flux oscillations can be naturally interpreted as evidence of
rapid NS rotation with the oscillation frequency of the X - ray flux. The rotation frequencies
of the X-ray bursters KS 1731 - 260, Aql X-1, and 4U 1636 - 53 are 523.9, 548.9, and 581.8
Hz, respectively (Van der Klis et al., 2000). The rotation periods of these neutron stars are
close to 1.607 ms, the rotation period of the millisecond radio pulsar B1957+20, the shortest
one among those found to date (Thorsett and Chacrabarty 1998). Recall that B1957+20 is
a member of a binary system with a 0.362 day period.
(3) The discovery of twenty millisecond radio pulsars in the globular cluster 47 Tuc. Most
of these pulsars have periods from 2 to 8 ms and are members of close low-mass binaries. The
total number of millisecond pulsars in 47 Tuc is estimated to be several hundred (Camilo et
al., 1999).
Measurements of the spindown rate for millisecond pulsars attest to magnetic fields of
108 − 109G. Neutron stars with appreciable magnetic fields may manifest themselves as
millisecond radio pulsars; NSs with weaker fields are simply unobservable at the current
sensitivity level of radio telescopes, but nothing forbids their existence.
Disk accretion onto a NS with a weak magnetic field H < 108G, proceeds in 80 low-mass
binaries of our Galaxy. Strong fields could affect the accretion dynamics and could give rise
to periodic X-ray pulsations, which is not observed in these systems.
Accretion Pattern. Accreting matter with a large angular momentum spins up a
neutron star (Pringle and Rees 1972; Bisnovatyi-Kogan and Komberg 1974; Alpar et al.,
1982; Lipunov and Postnov, 1984) and causes appreciable energy release in the accretion disk
in a boundary layer near the NS surface (Shakura and Sunyaev, 1988; Popham and Sunyaev,
2000). Inogamov and Sunyaev (1999) considered the formation of a layer of accreting matter
spreading over the surface of a neutron star without a magnetic field. The surface radiation
was found to concentrate toward two bright rings equidistant from the stellar equator and
the disk plane. The distance of the bright rings from the equator depends on the accretion
rate alone.
In the course of accretion, the baryon and gravitational masses of the NS grow, its
rotation velocity and moment of inertia change, a quadrupole component appears in its mass
distribution, and its external gravitational field changes. For several standard equations of
state of matter, the NS equatorial radius proves to be smaller than the equatorial radius of
a marginally stable orbit over a wide range of rotation frequencies. This significantly affects
the ratio of energy release in an extended disk and the stellar surface. The X-ray spectra of
the accretion disk and the spread layer can differ greatly, which opens up a possibility for
experimentally testing the theoretical results presented below.
Energy Release in the Disk and on the NS Surface. Here, we calculate the
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total energy release during accretion onto a rapidly rotating NS and determine the ratio
of disk luminosity Ld to luminosity Ls of the spread layer on the stellar surface at a given
accretion rateM.Multiplying the efficiency of energy release ǫgrav by M˙ yields the sought-for
luminosities. Clearly, allowance for radiation-pressure forces and for the detailed boundary-
layer physics can slightly modify the derived formulas (Marcovic and Lamb, 2000; Popham
and Sunyaev, 2000).
For the most important case of a NS with fixed gravitational mass M = 1.4M⊙, we
present the results of our calculations in Fig. 1. The calculations were performed for a
moderately hard equation of state (EOS FPS). Below, we use the notation of Arnett and
Bowers (1977) for EOS A (Pandharipande, 1981), L, and M; EOS AU from Wiringa et al.
(1988); and EOS FPS from Lorenz et al. (1993). EOS FPS is a modern version of the
equation of state proposed by Friedman and Pandharipande (1981).
The approximation formula (derived in section 5) for the total NS luminosity as a function
of cyclic rotation frequency (see Fig. 1) is
Ls + Ld ≈ (0.213− 0.153 (f/1 kHz) + 0.02 (f/1 kHz)2)M˙c2. (1)
Here, f varies in the range from -1 to +1 kHz, with positive and negative f corresponding
to NS and accretion-disk corotation and counterrotation, respectively. In this paper, a large
proportion of the results in graphical form and in the form of approximation formulas are
given for a NS gravitational mass of 1.4 M⊙ or for normal sequences with a rest mass whose
gravitational mass is 1.4M⊙ in the static limit for various equations of state of the matter in
the NS interior. Amazingly, the measured massM of an absolute majority of the millisecond
pulsars in binaries lies, with high reliability, in a narrow range 1.35± 0.04M⊙ (Thorsett and
Chakrabarty 1998). Note, however, that the mass of the X-ray pulsar VELA X-1 is close to
1.8 M⊙.
When observational data are interpreted, it is useful to have an approximation formula
(EOS FPS) for the ratio of the NS surface and total luminosities,
Ls/(Ls + Ld) ≈ 0.737− 0.312 (f/1 kHz)− 0.19 (f/1 kHz)2. (2)
We define the efficiency of energy release in the disk as the binding energy of a particle
in a Keplerian orbit at the inner disk boundary. This orbit coincides with the marginally
stable orbit or with the orbit at the NS equator.
For a NS of mass M = 1.8M⊙ with EOS FPS, the calculated total luminosity and Ld/Ls
are shown in Fig. 2. The corresponding approximation formulas are given in section 5. We
see from Figs. 1 and 2 that the surface luminosity Ls dominates over the disk luminosity
for a slowly rotating star and in the case of counterrotation. Note that the effective energy
release during accretion onto a NS of gravitational mass M = 1.8M⊙ reaches 0.62 Mc
2
(at a cyclic frequency of NS rotation in the sense opposite to disk rotation equal to 1.42
kHz). For a normal sequence with a maximum mass losing stability in the static limit, the
total energy release even reaches 0.67M˙c2 (see Fig. 3). Note that the above values exceed
appreciably the disk energy release Ed = 0.422M˙c
2 during accretion onto a Kerr black hole
with the largest possible rotation parameter j = 1. Clearly, such a high energy release is also
associated with the loss of kinetic energy of stellar rotation during accretion of matter with
an oppositely directed angular momentum. The accretion-disk luminosity at f > 600Hz
exceeds the surface luminosity if the star rapidly rotates in the same sense as does the disk.
We see from Fig. 1 that Ls ≈ Ld ≈ 0.064Mc2 at f = 600Hz.
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Figure 1: Total energy release Ls + Ld on the NS surface and in the accretion disk (solid line)
and ratio of energy releases in the disk Ld and on the surface Ls (dashed line) versus NS rotation
frequency f at the fixed gravitational mass M = 1.4M⊙ for the moderately hard EOS FPS. The
asterisks in Figs. 1 - 4 correspond to the frequency f at which the NS radius is equal to the radius
of the marginally stable orbit. At f ≤ f∗, there is a gap between the accretion disk and the NS
surface [see formula (3)].
This tendency is seen from simple Newtonian formulas (Kluzniak 1987; Kley 1991;
Popham and Narayan 1995; Sibgatullin and Sunyaev 1998, below referred to as SS 98):
Ls =
1
2
M˙GM(1− f/fK)2/R, Ld = 1
2
M˙GM/R.
Here, R is the equatorial stellar radius, and fK =
√
GM/R3/(2π) is the Keplerian rotation
frequency at the inner disk boundary. This formula is valid at low angular velocities, when,
to a first approximation, NS oblateness can be disregarded. The exact formulas for Ls and
Ld when the disk corotate lies in equatorial plane of star are (Sibgatullin and Sunyaev 2000;
below referred to as SS 00)
Ls = 2π
2M˙R2(fK − f)2, Ld = M˙ 1
2R
dφ(r)r2
dr
|r=R (1a)
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Figure 2: Total energy release on the NS surface and in the accretion disk (solid line) and ratio
of the disk and surface energy releases (dashed line) versus NS rotation frequency for the fixed
gravitational mass M = 1.8M⊙ (EOS FPS). The NS is stable to gravitational collapse only in the
presence of rotation.
Here, φ(r) is the gravitational potential in the disk plane as a function of distance from
the NS. In particular, it follows from formula (1a) that, at |f | = 0.5fK , the surface energy
release for counterrotation is a factor of 9 greater than that for NS and disk corotation !
In Fig. 4, we present similar results of our calculations for stars of fixed rest mass (total
baryon mass) m corresponding to M = 1.4M⊙ in the static limit for the NS EOS FPS. The
difference between this figure and Fig. 1 is not large, because the increase in gravitational
mass through rapid rotation is relatively small [but appreciable; see formulas (18)].
For the fixed gravitational massM = 1.4M⊙, we derived a simple approximation formula
for the gap between the equator of a rotating star with radius R and a marginally stable
orbit for EOS FPS with radius R∗:
(R∗ −R)/1km ≈ 1.44− 3.061 (f/1 kHz) + 0.843 (f/1 )2 + 0.6 (f/1 kHz)3 − 0.22 (f/1 kHz)4
(3)
Using the Static Criterion for Stability. Here, we attempt to derive an apprixmation
formula for the dependence of NS gravitational mass M(j,m) on Kerr rotation parameter
j ≡ cJ/GM2 (where J is the NS angular momentum) and on its rest mass m.
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Figure 3: Total energy release on the NS surface and in the accretion disk y(solid line) and ratio
of the disk and surface energy releases (dashed line) versus NS rotation frequency for the EOS FPS
normal sequence with m = 2.1M⊙ or 1.8 M⊙ in the static limit.
We derive the function M(j,m) (which is given below for two NS equations of state)
by using the static criterion for the loss of stability and data obtained using the numerical
code of Stergioulas (1998). Knowledge of M(j,m) allowed us to derive formulas for the NS
angular velocity and equatorial radius as functions of j and m.
Metric Properties of a Rotating Neutron Star. Remarkably, the external field of
a rapidly rotating NS with a mass larger than the solar one can be satisfactorily described
in terms of general relativity by introducing only one additional parameter compared to the
Kerr metric - quadrupole moment of the mass distribution (SS 98). In sections 2 and 3, we
discuss exact solutions that take into account higher multipole moments for low masses.
Analogous toM(j,m), we managed to construct approximation dependences of the addi-
tional (to the Kerr one) dimensionless quadrupole coefficient b for the external gravitational
field on j and m. Using these approximations in an exact solution for the metric outside
rigidly rotating NSs enabled us to analytically calculate parameters of the marginally stable
orbit in the accretion disk, energy release in the disk and on the NS surface, and the rate of
NS spinup via disk accretion. In order to relate the derived approximation dependences to
the observed NS parameters, we passed from the Kerr parameter j to the observed parame-
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Figure 4: Total energy release on the NS surface and in the accretion disk (solid line) and ratio of
the disk and surface energy releases (dashed line) versus NS rotation frequency for the EOS FPS
normal sequence with m = 1.56M⊙(1.4M⊙ in the static limit). The asterisks correspond to the
rotation frequency at which R = R∗.
ter f (cyclic rotation frequency) for 1.4 M⊙ stars in the final formulas. In section 1, we give
approximation formulas for the relationship of j to f and M.
The Content of the Paper. Below (in section 1), we present a method for global con-
struction of the NS gravitational mass as a function of its Kerr rotation parameter j and rest
mass m. The static criterion for stability underlies the method. The results of application
of our method approximate the numerical data obtained with help of the numerical code of
Stergioulas (1998) very accurately.
The NS angular velocity and its equatorial radius are determined by using M(j,m). We
propose a new formula for the equatorial radius, which matches the exact one at j = 0.
In section 2, we present a method of constructing the quadrupole coefficient via M(j,m)
using an exact solution of the Einstein equations for the metric of the external gravitational
field.
The exact solutions that describe the external fields of rigidly rotating stars with arbitrary
multipole structure are discussed in section 3.
Global properties of the exact quadrupole solution are described in section 4. We note
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that the corresponding gravitational field in some region on the b, j plane (including low
values of the quadrupole moment b and the Kerr rotation parameter j) behaves as the field
of two rotating black holes, with the NS pressure acting as an elastic support. However,
outside this region, the solution properties outside the star are equivalent to the field of two
supercritical Kerr disks. By contrast to black holes (Hoenselaers 1984), two Kerr disks can
be in equilibrium in the absence of supports (Zaripov et al. 1994; a graphic post-Newtonian
approach was developed by Zaripov et al. 1995).
In section 4, we derive expressions for the energy, angular momentum, radius, and angular
velocity of particles in the marginally stable orbit in the quadrupole solution. The above
functions depend on j and b. At b = 0 and j = 1, these expressions have numerical solutions
which were first found by Ruffini and Wheeler (1970). At b = 0 and j < 1, the above
expressions approximate the corresponding formulas of Bardeen et al. (1972) in the form of
polynomials in j.
The energy, angular momentum, radius, and Keplerian angular velocity of particles at the
stellar equator depend markedly on the NS equation of state. In section 4, these functions
are given as functions of j,m (and j,M) for EOS FPS and as functions of j,m for EOS A.
The above set of functions proves to be enough to calculate the dependences of energy
release on the NS surface and in the accretion disk (section 5) on j,m or on j,M . In
section 5, we provide approximation formulas for the total luminosity and the luminosity
ratio of the disk and the NS surface as functions of rotation frequency at fixed gravitational
masses M = 1.4 and 1.8M⊙ for EOS FPS. Similar approximation formulas are given for the
EOS A and EOS AU normal sequences with M = 1.4M⊙ in the static limit. In section 5,
we also discuss the NS spinup and provide approximation formulas for the spinup rate in
the case of EOS FPS for fixed gravitational masses of 1.4 and 1.8M⊙. For comparison, we
give formulas for the dependence of luminosity and spinup parameter on the dimensionless
rotation frequency in the Newtonian theory.
Astrophysical applications and implications of our results (particularly for the most in-
teresting case of NS and disk counterrotation) are discussed in section 6.
1 The Static Criterium for Stability and the Function
M(j,m).
The static stability criterion for nonrotating isentropic stars (planets) has been discussed in
the literature since the early 1950s (Ramsey 1950; Lighthill 1950; Zel’dovich 1963; Dmitriev
and Kholin 1963; Calamai 1970). It was generalized to rotating configurations by Bisnovatyi-
Kogan and Blinnikov (1974) and Hartle (1975).
Below, we follow Zel’dovich (1963) in its interpretation. In what follows, M is the NS
gravitational mass, andm is the total mass of its constituent baryons (rest mass). All masses
are measured in solar masses, so equalities of the type m = 1.16 and M = 1.4 imply that
m = 1.16M⊙ and M = 1.4M⊙, respectively.
We choose central density ρ as one of the independent arguments and angular momentum
J as the second argument. It can then be shown that the extremum of gravitational mass
M in central density at fixed angular momentum coincides with the extremum of rest mass
m (Zel’dovich and Novikov 1971; Shapiro and Teukolsky 1985). At the extremum, a steady-
state configuration becomes unstable to the neutral mode of quasi-radial oscillations. NS
stable states can exist only at lower masses.
Denote the extremum central density at fixed angular momentum by ρ∗ = ρ∗(J). The
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functions M(ρ, J) and m(ρ, J) near the extremum at fixed angular momentum can then be
expanded in Taylor series:
M(ρ, J) = M∗ + a1(ρ− ρ∗)2 + a2(ρ− ρ∗)3 + a3(ρ− ρ∗)4 + . . . , (4)
m(ρ, J) = m∗ + b1(ρ− ρ∗)2 + b2(ρ− ρ∗)3 + b3(ρ− ρ∗)4 + . . . (5)
The coefficients ai, bi, i = 1, 2 . . . in formulas (4) and (5) depend on J.
Equation (5) allows the central density ρ to be expressed as a power series of
√
m∗ −m:
ρ = ρ∗ + ρ0(m∗ −m)0.5 + ρ1(m∗ −m) + ρ2(m∗ −m)1.5 + . . .
Substituting this expression for ρ in (4) yields
M −M∗ =M0(m∗ −m) +M1(m∗ −m)1.5 +M2(m∗ −m)2 + . . . (6)
In this formula, M∗, m∗, M0, M1, M2, . . . are some functions of angular momentum
J.
If, alternatively, the central density is expressed as a series in half-integer powers of
M −M∗ using (4) and substituted in (5), then
m−m∗ = m0(M∗ −M) +m1(M∗ −M)1.5 +m2(M∗ −M)2 + . . . (7)
Note the formal similarity between the expansions (6), (7) and the expansions for the mass
and radius near the point of phase transition at the stellar center in nonrotating stellar
models with phase transitions in general relativity (Seidov 1971; Lindblom 1998).
Determining the Gravitational and Rest Masses at the Stability Boundary.
The numerical code of Stergioulas (1998) allows NS parameters to be computed for a given
equation of state by specifying a numerical value of the central density and one of the
parameters M, m, Ω, J, ΩK . The functions M∗(J) and m∗(J) can be determined as the
maximum values of M(ρ, J), m(ρ, J) for any fixed J by using this numerical code.
It is convenient to use a dimensionless angular momentum j ≡ cJ/GM2 (Kerr rotation
parameter) instead of the angular momentum J, because, apart from the mass, the metric of
the external field of a rigidly rotating neutron star is determined precisely by this parameter.
The functions M∗(j), m∗(j) have the meaning of dependences of the gravitational and rest
masses on Kerr parameter at the stability boundary.
We approximate M(j,m), m(j,M) by the above terms of the expansions (6) and (7) in
finite ranges of the parameters: |j| ≤ 0.7, 1.1M⊙ < m < 2.5M⊙. For this approximation,
the extremum property of the gravitational and rest masses at loss of stability is retained .
It is this property that is the main idea behind the static criterion for stability.
Determining the NS Angular Velocity and its Moment of Inertia. In SS 00, we
showed that
Ω = 2πf =
∂Mc2
∂J
|m, (8)
where |m denotes, as usual, differentiation at constant m. Given the definition of j, we have
from (8)
Ω = 2πf =
∂Mc2
∂J
|m = ∂M
∂j
|mc3/GM2 − 2j ∂Mc
2
∂J
|m/M,
9
hence
Ω =
c3
GM
M,j|m/ (M + 2jM,j|m) ; M,j|m ≡ ∂M
∂j
|m. (9)
In what follows, a comma in the subscript denotes a partial derivative with respect to the
corresponding argument. Using M(j,m), we can also determine the moment of inertia
I = (Ω,J |m))−1 = c2 (MJJ |m)−1 = G
c
(M2 + 2jMM,j |m)/Ω,j |m .
At the stability boundary m = m∗(j), we have from (6), (9)
Ω∗(j) =
c3
GM∗(j)
(M∗(j))
′ +M0(j)(m∗(j))
′
(M∗(j) + 2j(M∗(j))′ +M0(j)(m∗(j))′)
. (10)
Here, the prime denotes a derivative of the corresponding function with respect to j.
Determining the Coefficients M0(j),M1(j),M2(j). The coefficients
M0(j),M1(j),M2(j) in formula (6) are sought in the form of formal expansions in
even powers of j. We calculate the limiting values of these function when j → 0 by
approximating the dependence of gravitational mass on rest mass in the static case:
Mst =M∗(0) +M0(0)(m∗(0)−m) +M1(0)(m∗(0)−m)1.5 +M2(0)(m∗(0)−m)2 . . . (11)
Based on numerical data for Ω at the stability boundary m = m∗(j), we determine M0(j)
from formula (10) by using the derived functions M∗(j), m∗(j).
In order to successively determine the remaining coefficients M1(j), M2(j) before the
nonstatic terms in (6), we introduce the coefficient µ1 − m , with M1(j) (whose value at
j = 0 is already known) being calculated by using numerical data precisely at m = µ1. We
then have
M1(j) =
M(j, µ1)−M0(j)(m∗(j)− µ1)−M2(0)(m∗(j)− µ1)2
(m∗(j)− µ1)1.5 . (12)
Having numerical data for the right-hand part at discrete j, we can easily find a sixth-degree
polynomial with the smallest rms deviation by points. In our calculations, we choose µ1 in
such a way that Mst(µ1) is equal to or differs only slightly from 1.4 M⊙.
Having derived the expression for M1(j), we can determine M2(j) by using a different
normal sequence, say, at m = µ2.
We construct the coefficient M2(j) as follows:
M2(j) =
M(j, µ2)−M0(j)(m∗(j)− µ2)−M1(j)(m∗(j)− µ2)1.5
(m∗(j)− µ2)2 . (13)
The Function M(j,m) for EOS A. We choose the following constants µ1, µ2 : µ1 =
1.5663, µ2 = 1.1663 for EOS A. The numerical data of Stergioulas’s code for the dependences
of critical masses on j can be approximated as
M∗(j) = 1.659 + 0.489 j
2 + 0.273 j4 + 0.32 j6,
m∗(j) = 1.9495 + 0.5144 j
2 + 0.335 j4 + 0.38 j6. (14)
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Combining our results (10 - 14) for EOS A, we finally obtain
M(j,m) ≈ M∗(j) + (−0.6473− 0.019 j2 − 0.182 j4 + 0.23 j6) (m∗(j)−m) +
(−0.0808− 0.039 j2 + 0.31 j4 − 0.34 j6) (m∗(j)−m)1.5 +
(−0.0457 + (0.059 j2 − 0.222 j4 + 0.28 j6) (1.5663−m)) (m∗(j)−m)2. (15)
Formula (15) describes the data of Stergioulas’s (1998) numerical code to within the fourth
decimal place in mass (expressed in solar masses) and to within the third decimal place in
angular velocity Ω calculated using (9) (and expressed in units of 104 rad/ s) in the following
parameter ranges: −0.7 < j < 0.7, 1.1 < m < 2.4.
The Function M(j,m) for EOS FPS. For EOS FPS, which is stiffer than EOS A,
our numerical searches for the maximum gravitational and rest masses at fixed angular
momentum lead to the following dependences of these masses on rotation parameter at the
stability boundary:
M∗(j) = 1.8016 + 0.572 j
2 + 0.164 j4 + 0.54 j6;
m∗(j) = 2.104 + 0.619 j
2 + 0.154 j4 + 0.71 j6. (16)
Approximating the data for the static case j = 0 yields
Mst = 1.8016− 0.6546 (2.104−m)− 0.0846 (2.104−m)1.5 − 0.035 (2.104−m)2 . . .
We determine M0(j), M1(j), M2(j) by the above procedure: for the rest masses of normal
sequences, we choose µ1 = 1.56, µ2 = 1.16. Of course, the choice of these values is
rather arbitrary. The final formula derived from (10 - 13) and (16) for the dependence of
gravitational mass on rotation parameter and rest mass for EOS FPS is
M(j,m) ≈ M∗(j) + (−0.6538− 0.0295 j2 − 0.242 j4 + 0.49 j6) (m∗(j)−m) +
(−0.0846− 0.009 j2 + 0.302 j4 − 0.52 j6) (m∗(j)−m)1.5 +
(−0.035 + (0.039 j2 − 0.188 j4 + 0.32 j6)(1.56−m)) (m∗(j)−m)2. (17)
Formula (17) for the gravitational mass, like the previous (15), approximates the numerical
data of Cook et al. (1994) and the results of Stergioulas’s (1998) code in the argument
ranges −0.7 < j < 0.7, 1.1 < m < 2.5 with an amazing accuracy: to within the fourth
decimal place in gravitational mass and to within the third decimal place in angular velocity
(expressed in units of 104 rad/ s).
The Function m(j,M) for EOS FPS. Similarly, we can approximate m(j,M) by using
numerical data for the angular velocity, the baryon and gravitational masses at the stability
boundary, and for the fixed M = 1.4M⊙ and M =M⊙. For EOS FPS, we then obtain
m(j,M) ≈ m∗(j) + (−1.528 + 0.059 j2 + 0.45 j4 − 0.72 j6) (M∗(j)−M) +
(0.269− 0.076 j2 − 0.354 j4 + 0.6 j6) (M∗(j)−M)1.5 +
(0.004 + (−0.121 j2 + 0.68 j4 − 1.05 j6) (1.4−M))(M∗(j)−M)2.
The Dependence of Gravitational Mass and Dimensionless Angular Momen-
tum j on Angular Velocity for 1.4 M⊙ Normal Sequences in the Static Limit. At
present, the gravitational masses and angular velocities of neutron stars are measured with
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a high accuracy (Thorsett and Chakrabarty 1998). Here, we give, for reference, approxima-
tions of M(f) and j(f) for various equations of state for M = 1.4M⊙ normal sequences in
the static limit (here, the masses are in solar masses, and f = Ω/2π) is the cyclic rotation
frequency):
EOS A : M ≈ 1.4 + 0.0075 (f/1kHz)2 + 0.0055 (f/1kHz)4,
j ≈ 0.274 (f/1kHz) + 0.14 (f/1kHz)2, m = 1.566;
EOS AU : M ≈ 1.4 + 0.01 (f/1kHz)2 + 0.006 (f/1kHz)4,
j ≈ 0.34 (f/1kHz) + 0.12 (f/1kHz)2, m = 1.578;
EOS FPS : M ≈ 1.4 + 0.01 (f/1kHz)2 + 0.0087 (f/1kHz)4,
j ≈ 0.338 (f/1kHz) + 0.19 (f/1kHz)2, m = 1.56;
EOS L : M ≈ 1.4 + 0.019 (f/1kHz)2 + 0.0345 (f/1kHz)4,
j ≈ 0.56 (f/1kHz) + 0.61 (f/1kHz)2, m = 1.52;
EOS M : M ≈ 1.4 + 0.0195 (f/1kHz)2 + 0.071 (f/1kHz)4,
j ≈ 0.55 (f/1kHz) + 1.04 (f/1kHz)2, m = 1.494. (18)
The right-hand parts approximate M(f), j(f) in the entire range 0 ≤ f < fK ; they
were constructed on the basis of tables from Cook et al. (1994). These approximations are
extended to negative f (counterrotation) by using the evenness condition for M(f) and the
oddness condition for j(f) : j(−f) = −j(f).
It follows from the formulas for M(f) that the dependence of gravitational mass on
angular velocity for the stiffer EOS L and M is stronger than that for the softer equations
of state. While matching in the static limit, the gravitational masses of a NS with different
equations of state differ at f = 600Hz:
MA = 1.4034, MAU = 1.4043, MFPS = 1.4047, ML = 1.4113, MM = 1.4162.
The difference in the equations of state leads to a marked difference in the gravitational
masses ( for the same mass in the static limit ) for the same rotation period. These differences
exceed the accuracy of measuring the gravitational masses of millisecond pulsars in some
binary systems (Thorsett and Chakrabarty 1998).
Determining the Equatorial Radius of a Neutron Star. Another important for-
mula relating the constant µ (stellar chemical potential) to the derivative of the gravitational
mass with respect to the rest mass at constant angular momentum, follows from theorem 3
in SS 00. Taking the value of µ at the equator, we obtain
µ =M,m|J = M,m |j/(1 + 2jM,j |m) =
√
f − 2ωf Ω˜− (Rc2/GM)2Ω˜2, (19)
(Rc2/GM)2 = t/f − f 2ω. (20)
Here, R is the NS geometric equatorial radius (the equator length divided by 2π), and
Ω˜ = ΩGM/c3 is its dimensionless angular velocity. Below, we use a stationary, axially
symmetric metric in Papapetrou’s form outside the star:
ds2 = −F (dt− ωdφ)2 + F−1[ρ2dφ2 + e2γ/F (dρ2 + dz2)]. (21)
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In the static limit, the stellar radius can be determined from formula (19) by using the
Schwarzschild metric
Rstc
2
GM
=
2
1−M,2m
, M,m ≡ dM
dm
. (22)
Remarkably, formula (22) for a rotating NS, ifM(j,m) is substituted in it and differentiated
at constant j:
R ≈ 2GM/c
2
1−M,2m |j
, M,m |j ≡ ∂M
∂m
(23)
closely agrees with the numerical data for the stellar equatorial radius from Cook et al.
(1994) and with our data obtained by using the numerical code of Stergioulas (1998) with
an accuracy up to 1 %.
The NS Equatorial Radius and the Gap between the Marginally Stable Orbit
and the Equator. Figure 5 shows plots of equatorial radius R (in units of GM/c2) against
rotation frequency f constructed using formula (23) for fixed gravitational masses M =
1.2, 1.4, 1.6, and 1.8M⊙ and for EOS FPS. In particular, the approximation of R(f) at
M = 1.4M⊙ has a fairly simple form:
R/1km = 11 + 1.78 (f/1 kHz)4. (24)
Figure 6 shows plots of radius R∗ of the marginally stable orbit against f constructed
using formula (47) for the same values of M . In particular, the approximation of R∗(f) at
M = 1.4M⊙ by a fourth-degree polynomial in the range −1kHz < f < 0.6 kHz is (EOS
FPS)
R∗/1km = 12.44− 3.061 (f/1 kHz) + 0.843 (f/1 kHz)2 + 0.6 (f/1 kHz)3 + 1.56 (f/1 kHz)4.
(25)
To characterize the gap between the NS surface and the marginally stable orbit, let us
consider the quantity R∗ − R. In Fig. 7, R∗ − R is plotted against angular velocity for the
same gravitational masses. The approximation of this dependence for M = 1.4M⊙ is
(R∗ − R)/1km ≈ 1.44− 3.061 (f/1 kHz) + 0.843 (f/1 kHz)2 + 0.6 (f/1 kHz)3 − 0.22 (f/1 kHz)4.
(26)
These formulas can be used in the range −1kHz < f < 0.6kHz.
In order to compare the gaps between the marginally stable orbit and the surface of a NS
with different equations of state, we approximate the gap for M = 1.4M⊙ normal sequences
for a NS with EOS A and EOS AU as follows:
EOS A : (R∗ − R)/1km ≈ 3− 2.44 f/1 kHz− 0.2 (f/1 kHz)2. (27)
EOS AU : (R∗ − R)/1km ≈ 2.086− 2.81 f/1 kHz− 0.23 (f/1 kHz)2. (28)
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Figure 5: Equatorial radius R versus NS rotation frequency for fixed gravitational masses M =
const (EOS FPS).
2 The quadrupole moment of a rapidly rotating neu-
tron star in general relativity.
To describe the oblateness effect and the emergence of a quadrupole moment in the mass
distribution via rapid rotation, in SS 98 we proposed to use an exact quadrupole solution,
which contains an arbitrary parameter b compared to the Kerr metric. This parameter,
to within a factor, matches the NS inherent quadrupole momentum: the total quadrupole
moment in the asymptotics at large distances Φ2 = G
2M3/c4(b + j2) includes the Kerr
quadrupole moment. The parameter Φ2 was determined by Ryan (1995, 1997) with the use
of considerations developed by Komatsu et al. (1989) and Salgado et al. (1994).
The Metric of the Quadrupole Solution in the Equatorial Plane. The metric
components in the equatorial plane for this solution are (SS 98)
F =
A−B
A+B
, ω/M = − 2jC
A− B, A ≡ (r+ + r−)
2r+r− − b, B ≡ (r+ + r−)(r+r− − b+ r).
(29)
Here,
C ≡ (r+ + r−)(r−r+ + r) + b, 2r± ≡
√
4r + (
√
1− j2 ±
√
1− j2 − 4b)2, r ≡ ρ2/M2.
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Figure 6: Radius R∗ of the marginally stable orbit versus NS rotation frequency for fixed gravita-
tional masses M = const (EOS FPS).
An exact quadrupole solution of Einstein equations is contained as a special case in the
exact five-parameter solution found by Manko et al. (1994) by specifying its properties on
the symmetry axis using the method of Sibgatullin (1984). Ernst (1994) showed that this
solution could also be obtained from Kramer - Neugebauer’s (1980) solution for coaxially
rotating black holes by a special choice of the constants in the solution.
The solution under consideration for b < 0.25(1 − j2) can be interpreted as a solution
that describes the gravitational field of two coaxially rotating black holes with the same
masses and angular momenta. For b > 0.25(1 − j2), it describes the gravitational field of
coaxially rotating Kerr disks. In this case, the pressure clearly acts as elastic supports. For
the curve of transition from black holes to Kerr disks to be found in the j,m plane, the
equation b(j,m) = 0.25(1− j2) must be solved.
Why the Kerr Metric Cannot Be Used to Describe the External Field of a
Rapidly Rotating Neutron Star? Let us consider the dependence of the NS quadrupole
moment on its angular velocity for various equations of state, from the soft EOS A to the
hard EOS L. We express the quadrupole moment Φ2 = G
2M3(b+ j2)/c4 and the cyclic an-
gular velocity in units of 1044gcm2 and kHz, respectively. We fix the corresponding normal
sequences (by definition, with a constant rest mass) by the condition that the NS gravita-
tional mass is 1.4 M⊙ in the static limit. Compare the total NS quadrupole moment with
15
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Figure 7: Depth R∗−R of the gap between the marginally stable orbit and the NS equator versus
NS rotation frequency for fixed gravitational masses M = const (EOS FPS).
the Kerr quadrupole moment QK = G
2M3j2/c4 (determined by the NS mass and angular
momentum). Let us pass to an observable variable, the rotation frequency f. Parabolic ap-
proximations of the dependence of dimensionless quadrupole coefficient b on Kerr parameter
j are given in Laarakkers and Poisson (1998); more accurate approximations by fourth-degree
polynomials in j were derived in SS 98. Having reduced the data obtained with the numeric
code of Stergioulas (1998), we have
EOS A : Φ2/10
44g cm2 ≈ 0.33(f/1 kHz)2 + 0.306(f/1 kHz)4,
QK/10
44g cm2 ≈ 0.11(f/1 kHz)2 + 0.09(f/1 kHz)4;
EOS AU : Φ2/10
44g cm2 ≈ 0.64(f/1 kHz)2 + 0.43(f/1 kHz)4,
QK/10
44g cm2 ≈ 0.16(f/1 kHz)2 + 0.12(f/1 kHz)4;
EOS FPS : Φ2/10
44g cm2 ≈ 0.54(f/1 kHz)2 + 0.9(f/1 kHz)4,
QK/10
44g cm2 ≈ 0.13(f/1 kHz)2 + 0.22(f/1 kHz)4;
EOS L : Φ2/10
44g cm2 ≈ 4.8(f/1 kHz)2 + 6.5(f/1 kHz)4,
QK/10
44g cm2 ≈ 0.54(f/1 kHz)2 + 1.16(f/1 kHz)4. (30)
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Whereas the total quadrupole moment for the soft EOS A is approximately a factor of 3
larger than the Kerr component, for the hard EOS L it exceeds the Kerr component by
almost a factor of 10!
Determining the Non-Kerr Quadrupole Moment of a Rapidly Rotating NS
Using M(j,m). The NS equatorial radius R is closely related to its quadrupole moment
Φ2 = G
2M3j2(k + 1)/c4. The system of equations (19) and (20) at given j and m in the
metric (21) and (29) is algebraic for the NS coordinate radius ρ and its quadrupole moment
b, because, according to (9) and (23), the functions Ω(j,m) and R(j,m) are expressed in
terms of M(j,m) and its partial derivatives. We emphasize that M(j,m), R(j,m), b(j,m),
and I(j,m) (moment of inertia) are even functions of the Kerr parameter j, while the angular
velocity Ω is an odd function of j.
In the approximation of slow rotation , b ∼ j2. Denote b ≡ j2k. The quadrupole moment
can be approximated in finite ranges, |j| ≤ 0.67, 1.1 < m < 2.5 , as a function of j, m or as
a function of j, M.
We derive an approximation formula for k(j,m) by a method similar to that described
above for constructing M(j,m) and m(j,M): the function k is first approximated by a
sixth-degree polynomial at the stability boundary in the segment |j| < 0.67 in terms of the
rms deviation and then by eighth-degree polynomials in j at two fixed values, say, m = 1.56
and 1.2358 (M = 1.4 and 1, respectively) in the segment |j| < 0.67.
The Quadrupole Moment as a Function of j,m or j,M for EOS FPS. The
resulting formula for k(j,m) is a combination of four rms approximations and describes
b(j,m) to within the third decimal place.
For the quadrupole moment of a NS with EOS FPS rotating arbitrarily fast (up to the
Keplerian angular velocity at the stellar equator), the following formula holds:
Φ2 = G
2M3j2(k + 1)/c4, k ≈ k∗(j) +
(1.525− 3.365 j2 − 9.138 j4 + 23.37 j6 − 28 j8)(m∗(j)−m)0.5 +
(0.62 + 3.086 (0.188− 3.447 j2 + 4.83 j4 + 5.11 j6 − 19 j8)
(1.56−m)) (m∗(j)−m) + 3.97 (m∗(j)−m)2 ≈
k∗(j) + (1.693− 4.196 j2 − 12.268 j4 + 30.32 j6 − 37.2 j8)
(M∗(j)−M)0.5 + (1.713 + 2.5 (0.348− 6.515j2 + 8.285j4 +
9 j6 − 31 j8) (1.4−M)) (M∗(j)−M) + 5.453 (M∗(j)−M)2. (31)
Here, k∗(j) denotes the function at the stability boundary. It follows from our numerical
data that k∗(j) ≈ 0.567− 0.576 |j|+ 0.338 j2 − 0.47 j4 + 0.19 j6; M∗(j) and m∗(j) are given
by (16).
The Quadrupole Moment as a Function of j, m for EOS A. For EOS A, the
formula for the inherent quadrupole coefficient can be written as
Φ2 = G
2M3j2 (k + 1)/c4,
k ≈ 0.556− 0.862 |j|+ 0.795 j2 − 0.611 j4 + (1.15 + 0.344 |j| − 3.68 j2 − 3.62 j4)√
m∗(j)−m+ (1.196 + (1.1075− 7.7013 |j|+ 3.574 j2)
(1.5663−M0)) (m∗(j)−m) + 4.183 (m∗(j)−m)2. (32)
Here, M∗(j) and m∗(j) are given by (14).
Results of Our Calculations. Figure 8 shows lines of constant gravitational mass
M(f,m) as functions of rotation frequency f for m at 0.1 steps in the interval (1.2, 2.5) for
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Figure 8: Gravitational mass M versus NS rotation frequency for fixed rest masses (EOS FPS).
The dashed line corresponds to the parameters at which R = R∗. Curves a, a, a . . . correspond to
a transition of the external field from the field of two Kerr black holes (inner region) to the field
of two Kerr disks (outer region). The maximum gravitational masses at which the stability is lost
according to the static criterion are also marked by dots (upper curve).
EOS FPS (recall that the masses are measured inM⊙). We used the parametric dependences
M = M(j,m) and Ω = Ω(j,m) (see formula (9) for Ω(j,m) to construct these curves. The
dashed curve in Fig. 8 separates the NS states when it is within the marginally stable orbit
from the NS states when this orbit is inside it. Obviously, the equation of this curve is
R(j,m) = R∗(j,m). The dots indicate the curves of stability loss according to the static
criterion. Their parametric equation is: M = M∗(j) and f = f∗(j).
The moment of inertia, the angular velocity, the equatorial radius, and the quadrupole
moment can be inferred from the derived function M(j,m), which determines the state of
a two-parameter thermodynamic system. Figure 9 shows lines of constant dimensionless
quadrupole coefficient b as functions of rotation frequency f for rest masses at 0.1 steps
in the interval (1.2, 2.5). In this case, the dimensionless angular momentum j acts as a
parameter in the parametric specification of the curve on the plane. Points a, a, a, ... in
Figs. 8 and 9 correspond to the curve of transition from the external field of two coaxially
rotating black holes to the external field of two coaxially rotating Kerr disks. The equation
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Figure 9: Dimensionless quadrupole coefficient b versus rotation frequency f at fixed rest masses m
(EOS FPS). Curves a, a, a . . . correspond to a transition of the external field from the field of two
Kerr black holes to the field of two Kerr disks. The curves were constructed at steps m = 0.1M⊙.
of this curve is b(j,m) = 0.25(1− j2).
3 The external gravitational fields of rapidly rotating
neutron stars.
The External Gravitational Fields of Sources with a Finite Set of Multipole
Moments. The external gravitational fields of rapidly rotating neutron stars at large angular
velocities differ markedly from the Kerr field. To describe these fields by the solution of the
Einstein equations with a finite set of multipole parameters, in SS 98 we proposed to use
axisymmetric steady-state solutions specified on the symmetry axis by the following Ernst
19
potential:
e(z) = E|ρ=0 =
zn − zn−1 +∑nj=1 ajzn−j
zn + zn−1 +
∑n
j=1 ajz
n−j
. (33)
Below, the ρ and z coordinates are measured in units of length (GM/c2).
The corresponding solution is symmetric about the equatorial plane if we additionally
require that the coefficients with even subscripts a2k be real (they are determined by the
mass distribution and correspond to the Newtonian multipole moments), and that the coef-
ficients with odd subscripts a2k−1 be purely imaginary (they are determined by the angular-
momentum distribution in the NS and have no analog in the Newtonian theory). For this
definition of multipole moments, the Kerr solution is a purely dipole one, and its higher mul-
tipoles are zero. General expressions for the metric coefficients are given in SS 98 [formulas
(23) and (24)]. Denote the roots of the denominator in the expression for E on the symme-
try axis by b1, b2, . . . , bn and the roots of the equation e˜(z) + e(z) = 0 by ±ξ1,±ξ2, ...,±ξn
(Sibgatullin 1984). Here, the tilde has the meaning of a complex conjugate. If we use the
identity
n∏
k=1
P (ak) det
(
1
ai − bj
)
= −V (a1, ..., an)V (b1, ..., bn)
here,V (a1, . . . , an) is an n × n alternant on elements a1, ..., an, P (z) is an n − th degree
polynomial whose roots are b1, . . . , bn, then we can represent the solution for the Ernst
function differently. To describe it, we denote
γk ≡ a1 + a3
ξ2k
+ ...; σ±k ≡ ±
√
1− γ2k + iγk; r±k ≡
√
ρ2 + (z ∓ ξk)2; (34)
akl ≡ r+l σ+l ξk−1l ; bkl ≡ r−l σ−l (−ξl)k−1; ckl ≡ ξk−1l ; dkl ≡ (−ξl)k−1. (35)
The solution for the Ernst function symmetric about the equatorial plane and with the
specified behavior on the symmetry axis (28) then takes a fairly elegant form:
E =
U −W
U +W
; U = det
(
A, B
C, D
)
, W = det
(
A′, B′
C ′, D′
)
. (36)
The square n×n matrices A,B,C,D consist of akl, bkl, ckl, dkl, k, l = 1, ..., n, respectively
[see Eq. (35)]. The rectangular (n− 1)×n matrices A′, B′ consist of akl, bkl, k = 1, ..., n−
1; l = 1, ..., n , and the rectangular (n + 1) × n matrices C ′, D′ consist of ckl, dkl, k =
1, ..., n+ 1; l = 1, ...n.
Formally, the solution (36) appears as the result of applying Backlund’s transformation to
the solution E = 1 2n times. For the Ernst equation, it was found by Neugebauer (1980); see
also formula (7) from Kramer and Neugebauer (1980) with “Van der Mond representation” of
Ernst function. However, an attempt to directly determine the parameters of this solution
from the data on the axis leads to cumbersome calculations even for n = 2. Ernst 1994
established the relation between Sibgatullin’s method of construction of electrovac solutions
with the given rational behavior at the symmetrie axes and Neugebauer’s 2n parametric
family of solutions for n = 2. Manko and Ruiz (1998) were able to represent the solution
of the Ernst equations corresponding to the Ernst rational function on the symmetry axis
with the asymptotics E→ 1 when z →∞ in a form that contained only the roots ξk of the
equation e˜(z) + e(z) = 0 and that did not contain the roots bk for arbitrary n > 2.
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We hypothesized in SS 98 that the coefficients a2k−1 for rigidly rotating stars, which are
related to differential rotation, were zero for k > 1, with a1 = j 6= 0. This coefficient is the
ratio of the NS angular momentum to its mass squared. Then, a substantial simplification
of the solution (36) is that all constants σ+k and σ
−
k (defined in (34)) turn out to be equal:
σ+k =
√
1− j2 + ij, σ−k = −
√
1− j2 + ij, k = 1, ..., n.
An Exact Solution of the Einstein Equations for a Rotating Deformed Source
and Numerical Data. The available numerical data on the external gravitational fields of
rigidly rotating neutron stars [redshifts forward Zf and backward Zb at the equator edges,
which allow the metric coefficients F and ω on the stellar equator to be calculated; see
Cook et al. (1994) for numerical values of the radius of the marginally stable orbit] suggest
that these fields can be described by some exact solution of the Einstein equations. The
corresponding Ernst function on the symmetry axis is
e(z) =
z2 − (1− ij)z + b
z2 + (1 + ij)z + b
. (37)
which is obtained from the general case (33) at n = 2. Recall that J = GM2j/c is the angular
momentum, and G2bM3/c4 is the quadrupole moment of the NS. Manko et al. (1994, 2000)
proposed to model the external fields of neutron stars with strong magnetic fields by special
exact solutions of the system of Einstein-Maxwell equations.
In contrast to the multipole decompositions at large radii (Shibata and Sasaki 1998;
Laarakkers and Poisson 1998), which converge slowly at the stellar surface, the quadrupole
solution closely approximates numerical data up to the stellar surface. The parameter b =
b(j) of this solution can be independently determined by several methods: for example, by
comparing either the radius of the marginally stable orbit or the metric coefficient F at the
stellar surface, which is ((1 + Zf) (1 + Zb))
−1 (recall that 1/
√
F − 1 has the meaning of
gravitational redshift), with numerical data. The metric coefficients F and ω in the solution
corresponding to (37) on the symmetry axis take the form (29) in the equatorial plane.
Remarkably, b = b(j) determined from independent comparisons with numerical data
proved to be the same for a given equation of state and at fixed rest mass.
The function R∗(j,m)c
2/GM(j,m) at m = const constructed from the Kerr solution
differs markedly from the realistic curves for |j| > 0.15. Nevertheless, the realistic R∗ c2/GM
curves and the Kerr curve have a tangency of the first order at j = 0. This circumstance
serves as a good illustration of the remarkable observation by Hartle and Thorne (1969)
that the external gravitational field of a slowly rotating star is described by the Kerr metric
linearized in rotation parameter.
Here, by contrast to SS 98, we approximated the function b(j,m) in finite ranges of j
and m [see formulas (26) and (27)].
4 Global properties of the exact quadrupole solution.
Parameters of Equatorial Circular Orbits in an Arbitrary Axisymmetric Station-
ary Field in a Vacuum. The specific energy and angular momentum of particles rotating
in the equatorial plane in a Keplerian circular orbit in an arbitrary axisymmetric stationary
field in a vacuum can be calculated using the formulas (SS 98)
E =
√
F√
1− F 2p2/r , l = MG/c(p + ω)E, (38)
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p ≡ r(−λ+
√
λ2 + µ− µ2r)/n, λ ≡ Fω˙, µ ≡ F˙ /F, n ≡ F − rF˙ .
Here, the dot denotes a derivative with respect to r ≡ ρ2.
For the angular velocity of a particle in a Keplerian circular orbit, we can derive the
formula
ΩK =
c3
GM
p
(r/F 2 + ωp)
. (39)
The radius of the marginally stable orbit can be determined by using the condition of energy
extremum in circular orbits. In explicit form, it appears as
r(λµn+ λ˙n− n˙λ)
√
λ2 + µ− µ2r − (λ2 + µ− µ2r)(n− rn˙)−
rn(λλ˙+ 0.5(µ˙− µ2)− rµµ˙) = 0. (40)
For the particle energy and angular momentum in the marginally stable orbit to be calcu-
lated as functions of rotation parameter j, the root of the algebraic equation (40) must be
substituted in (38).
Disk Luminosity and Parameters of Equatorial Circular Orbits in the Kerr
Field. The external field of a slowly rotating NS can be described by the Kerr solution
linearized in angular momentum (Hartle and Thorne 1969). The physical processes in the
field of a slowly rotating NS were considered by Kluzniak and Wagoner (1985), Sunyaev and
Shakura (1986), Ebisawa et al.(1991), Biehle and Blanford (1993), and Miller and Lamb
(1996).
For the extreme Kerr solution (j = 1), the particle energy and angular momentum in the
marginally stable orbit were calculated by Ruffini and Wheeler (1970) in their pioneering
study.
At 0 < j < 1, the particle energy and angular momentum in circular orbits in the Kerr
field (Bardeen et al. 1972) are related to the orbital radius and the rotation parameter j by
E =
1− 2x+ jx√x√
1− 3x+ 2jx√x, l = GM/c
−2jx+ (1 + j2x2)/√x√
1− 3x+ 2jx√x , x ≡ GM/(rc
2). (41)
Here, r is the Boyer - Lindquist radial coordinate in the Kerr metric.
The expressions for j, E, l corresponding to the marginally stable orbit, where the x is
treated as a parameter, are
j∗ =
4
√
x−√3− 2x
3x
, E∗ =
√
1− 2
3
x, cl∗/GM − j∗E∗ = 1
x
√
3
. (42)
The parameter x varies in the intervals (1/9, 1/6) and (1/6, 1) for disk and black-hole
counterrotation and corotation, respectively. The corresponding values of j for the former
interval are negative.
The disk energy release in the field of a black hole is obviously M˙c2(1 − E∗). In order
to express the energy release as a function of the black-hole angular velocity Ω, we use the
formula [formula (12) in Christodolou and Ruffini (1973); see also Misner et al. (1973),
Sibgatullin (1984), Novikov and Frolov (1986)]
2Ω˜ = j/(1 +
√
1− j2), Ω˜ ≡ ΩMG/c3. (43)
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Hence, it is easy to obtain
j =
4Ω˜
(4Ω˜2 + 1)
.
Therefore, the energy release Ld in the disk around a Kerr black hole is a function of
Ω˜ = ΩMG/c3 specified parametrically with x = GM/rc2 (r is the Boyer-Lindquist co-
ordinate radius of the marginally stable orbit). Ld has the following well-known values:
Ld = 0.0377Mc2 at Ω˜ = −0.5 (j = −1); Ld = 0.0572Mc2 at Ω˜ = 0 (j = 0)); and
Ld = 0.4226Mc
2 at Ω˜ = 0.5 (j = 1). Note that j = 1 corresponds to a rotation
frequency f = c3/(2πGM) ≈ 23.1 kHz for a black hole with M = 1.4M⊙. The Tay-
lor expansion of the energy release in the disk around a Kerr black hole in the interval
−0.4 ≤ Ω˜ ≤ 0.4 (−0.975 < j < 0.975) is
Ld/M˙c
2 ≈ 0.0572 + 0.128 Ω˜ + 0.349 Ω˜2 + 0.532 Ω˜3 + 0.52 Ω˜4 + 0.417 Ω˜5 + 0.65 Ω˜6. (44)
The function Ld(Ω˜)/M˙c
2 is not analytic at Ω˜ = 0.5. Its expansion in terms of fractional
powers of the difference 0.5− Ω˜ is
Ld/M˙c
2 ≈ 0.4226− 1.155(0.5− Ω˜)2/3 + 1.443(0.5− Ω˜)4/3 − 0.77(0.5− Ω˜)5/3 − 0.5(0.5− Ω˜)2.
(44a)
The calculation using formula (44) at Ω˜ = 0.4 (j ≈ 0.975) yields 0.2185; this value differs
from that calculated by using formula (44a) and from the exact value by less than 0.0005.
One should therefore use (44) for |Ω˜| < 0.4 and the expansion (44a) for 0.4 < Ω˜ ≤ 0.5. In the
range −0.5 < Ω˜ ≤ 0.4, the first two terms in the Taylor expansion near Ω˜ ≈ −0.5(j ≈ −1)
can be used for the Kerr-disk luminosity:
Ld/M˙c
2 ≈ 0.0377 + 0.024(Ω˜ + 0.5)2.
Note that, if the NS radius is smaller than the radius of the marginally stable orbit, then
the energy release Ld in the disk around the NS is approximately equal to Ld in the disk
around a black hole of the same mass and the same angular momentum. Indeed, we see
from formula (45) for E∗ that the corrections to the Kerr expression associated with powers
of the quadrupole coefficient b are small.
Comparison of the Functions j(Ω˜) for Black Holes and Neutron Stars. As
the NS mass increases to its maximum value, when the star collapses in the static limit,
the relationship between the dimensionless angular velocity of a NS with different equations
of state and the Kerr parameter approaches the above relationship between these parame-
ters for rotating black holes. Moreover, the NS external field differs only slightly from the
gravitational field of a rotating black hole.
Indeed, using tables from Cook et al. (1994), we can construct approximations for the
M = 1.4M⊙ normal sequences in the static limit in the range 0 < j < 0.6 [the function j(Ω˜)
is extended to negative Ω˜ by using the oddness condition j(Ω˜) = −j(−˜Ω)]:
EOS A j ≈ 6.573Ω˜ + 0.655(10Ω˜)2, m = 1.566;
EOS AU j ≈ 8.2Ω˜ + 0.65(10Ω˜)2, m = 1.577;
EOS FPS j ≈ 8.035Ω˜ + 0.91(10Ω˜)2, m = 1.56;
EOS L j ≈ 13.3Ω˜ + 3.03(10Ω˜)2, m = 1.52.
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Let us now consider the functions j(Ω˜) of maximum masses stable only in the presence of
rotation:
EOS A j ≈ 4.066Ω˜ + 0.388(10Ω˜)2, m = 1.92; 0 ≤ 10Ω˜ ≤ 0.84
EOS AU j ≈ 4.095Ω˜ + 0.14(10Ω˜)2, m = 2.638; 0 ≤ 10Ω˜ ≤ 1.1
EOS FPS j ≈ 4Ω˜ + 0.445(10Ω˜)2, m = 2.1; 0 ≤ 10Ω˜ ≤ 0.8;
EOS L j ≈ 4.33Ω˜ + 0.34(10Ω˜)2, m = 3.23 0 ≤ 10Ω˜ ≤ 0.86
It follows from the above formulas that, for the maximum possible masses, the functions
j(Ω˜) of arbitrary NS equations of state are closely approximated by the dependence for
Kerr black holes (43) at small Ω˜:j ≈ 4Ω˜. At the same time, j(Ω˜) for neutron stars with
M = 1.4M⊙ have j(Ω) considerably exceed the Kerr values.
Parameters of the Marginally Stable Orbit in the Equatorial Plane in the Field
of a Rotating NS. The external fields of rapidly rotating neutron stars differ markedly
from the Kerr field. This difference can be described by introducing only one multipole
moment, namely, the quadrupole one (Laarakkers and Poisson 1998; SS 98) at stellar masses
larger than M⊙. In general, the external gravitational fields at M < M⊙ in the case of
rapid rotation have all multipole components, much like the external field of a Maclaurin
spheroid at a rotation velocity comparable in magnitude to the Keplerian velocity on the
stellar equator.
In order to calculate the parameters of the marginally stable orbit, let us consider four
quadrupole coefficients: b : b = 0, 0.25, 0.5, 0.75. For each of these values, we break up the j
range -0.7 to +0.7 into 30 equal parts and seek a minimum of the particle energy in circular
orbits for each j [rather than seek the root of the complex equation (40), as we did in SS 98].
Having determined the corresponding radial coordinates, we can calculate all the remaining
parameters of the marginally stable orbit and construct an approximating polynomial in
j with the smallest rms deviation in the interval (-0.7, 0.7) at fixed b. We then construct
an interpolation polynomial in b using Lagrange - Silvester’s formula. Let us write out the
functions (38) and (39) derived in this way, which, however, have a meaning only when the
stellar radius is smaller than the radius of the marginally stable orbit. In the formulas given
below, 1−E∗ has the meaning of binding energy of a particle of unit mass in the marginally
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stable orbit, and Ω∗ is the angular velocity in this orbit:
E∗ ≡ minE = 0.943− 0.031 j − 0.022 j2 − 0.014 j3 −−0.01 j4 − 0.02 j5 − 0.02 j6 +
b (0.008 + 0.017 j + 0.024 j2 + 0.016 j3 + 0.013 j4 + 0.085 j5 + 0.1 j6) +
b2 (−0.002− 0.01 j − 0.021 j2 − 0.005 j3 − 0.002 j4 − 0.14 j5 − 0.18 j6) +
b3 (0.001 + 0.004 j + 0.009 j2 − 0.002 j3 − 0.004 j4 + 0.08 j5 + 0.11 j6); (45)
cl∗/(GM) = 3.464− 0.943 j − 0.258 j2 − 0.125 j3 − 0.074 j4 − 0.11 j5 − 0.09 j6 +
b (0.189 + 0.226 j + 0.244 j2 + 0.178 j3 + 0.15 j4 + 0.49 j5 + 0.51 j6) +
b2 (−0.039− 0.108 j − 0.191 j2 − 0.123 j3 − 0.123 j4 − 0.85 j5 − 0.96 j6) +
b3 (0.009 + 0.036 j + 0.078 j2 + 0.034 j3 + 0.036 j4 + 0.5 j5 + 0.59 j6); (46)
R∗c
2/GM = 6− 3.267 j − 0.278 j2 − 0.112 j3 − 0.059 j4 − 0.07 j5 − 0.05 j6 +
b (1.085 + 0.96 j + 0.904 j2 + 0.723 j3 + 0.177 j4 + 0.63 j5 + 1.53 j6) +
b2 (−0.25− 0.607 j − 1.134 j2 − 1.107 j3 + 0.643 j4 − 1.18 j5 − 4.89 j6) +
b3 (0.059 + 0.223 j + 0.633 j2 + 0.604 j3 − 0.923 j4 + 0.71 j5 + 3.94 j6); (47)
Ω∗KGM/c
3 = 0.068 + 0.051 j + 0.037 j2 + 0.025 j3 + 0.017 j4 + 0.03 j5 + 0.03 j6 +
b (−0.016− 0.035 j − 0.052 j2 − 0.039 j3 − 0.033 j4 − 0.16 j5 − 0.18 j6) +
b2 (0.006 + 0.024 j + 0.053 j2 + 0.028 j3 + 0.014 j4 + 0.29 j5 + 0.37 j6) +
b3 (−0.002− 0.01 j − 0.025 j2 − 0.007 j3 + 0.008 j4 − 0.18 j5 − 0.24 j6). (48)
These formulas are universal and valid for any NS equation of state. If, alternatively, the
dimensionless quadrupole coefficient b = kj2 is expressed in terms of j and m for a specific
equation of state (respectively, j andM), for example, by using formula (31), then we obtain
the above formulas as functions of j and m (respectively, j and M). Formula (32) must be
used for EOS A.
We emphasize that, in contrast to the Taylor expansions of Shibata and Sasaki (1998)
for small j and b ∼ j2 , formulas (45 - 48), which were derived from the exact solution by the
combination of least squares and interpolation in b (Silvester-Lagrange’s formula), describe
the behavior of the solution in finite ranges: b ≤ 0.75, |j| ≤ 0.7. Note that the corrections
associated with the coefficient b in formula (45) for E∗ are small.
Radial and Azimuthal Velocities on the NS Surface for the Particles Falling
to the Stellar Equator from the Marginally Stable Orbit. The radial and azimuthal
velocities of the particles that fell from the marginally stable orbit on the stellar surface in
a local frame which is stationary relative to the orbits of Killing’s time-like vector of the
metric (21) are
Vφ
c
=
f√
r
(p∗ + ω∗ − ω), Vr
c
=
√
1− f
2
r
(p∗ + ω∗ − ω)2 − (1− f
2
∗ p
2
∗
r∗
)
f
f∗
.
Here, the asterisk denotes the corresponding parameter in the marginally stable orbit. The
approximations for Vφ and Vr for a NS with fixed mass M = 1.4M⊙ and EOS A valid in the
range −1.2kHz < f < 0.88kHz are
Vφ
c
≈ 0.6−0.006(f/1 kHz)−0.04 (f/1 kHz)2, Vr
c
≈ 0.062−0.057(f/1 kHz)−0.015 (f/1 kHz)2,
and those for EOS FPS valid in the range −1.kHz < f < 0.6kHz are:
Vφ
c
≈ 0.553− 0.018(f/1 )− 0.052 (f/1 )2, Vr
c
≈ 0.03− 0.044(f/1 kHz)− 0.03 (f/1 kHz)2.
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In SS 98, we gave formulas for Vφ and Vr in a frame entrained by NS rotation. The corre-
sponding approximations for M = 1.4M⊙ for the azimuthal velocity are
EOS A :
Vφ
c
≈ 0.6− 0.035(f/1 kHz)− 0.042(f/1 kHz)2,
EOS FPS :
Vφ
c
≈ 0.553− 0.046(f/1 kHz)− 0.055 (f/1 kHz)2.
The radial components of the 4-velocity do not change when passing from one frame to the
other.
The kinetic energy of radial particle motion produces energy release in a shock wave near
the equator, while the energy of azimuthal motion produces energy release in the spread
layer that concentrates around two bright latitudinal rings (Inogamov and Sunyaev 1999).
Clearly, this difference can, in principle, allow the case with a radius smaller than the radius
of the marginally stable orbit R < R∗ (three bright rings) to be experimentally distinguished
from the case with R > R∗(two bright rings).
Since the particles in the gap are assumed to have no time to gather a high radial velocity
for any reasonable f Vr << Vφ. Expanding the fourth tetrad 4-velocity component in a
series yields
1√
1− V 2r /c2 − V 2φ /c2
≈ 1√
1− V 2φ /c2
+
V 2r /c
2√
(1− V 2φ /c2)3
.
The flux of radial kinetic energy is therefore
Lrad ≈ M˙ V
2
r /2√
(1− V 2φ /c2)3
.
The approximation of Lrad for a NS with the soft EOS A, where this flux reaches a maximum,
is
Lrad/M˙c
2 ≈ 0.0035− 0.01(f/1 kHz) + 0.0025(f/1 kHz)2 + 0.005(f/1 kHz)3.
For the stiffer EOS FPS, the flux of radial energy is considerably lower,
Lrad/M˙c
2 ≈ 0.00026− 0.003(f/1 kHz) + 0.0036(f/1 kHz)2 + 0.0035(f/1 kHz)3.
The angular velocity of the particles falling from the marginally stable Keplerian orbit along
helical trajectories is at a maximum on the NS surface. As follows from SS 98, the formula
fs =
p∗ + ω − ω∗
r/F 2 + ω(p∗ + ω − ω∗)
holds for the particle angular velocity near the NS surface fs = dφ/dt/2π.
The approximations for fs on the stellar surface and for fK in the marginally stable orbit
as functions of the NS rotation frequency are
EOS A fs/1 kHz ≈ 2.251− 0.0236(f/1 kHz)− 0.28(f/1 kHz)2 + 0.062(f/1 kHz)3;
f ∗K/1 kHz ≈ 1.575 + 0.421(f/1 kHz)− 0.065(f/1 kHz)2 − 0.016(f/1 kHz)3;
EOS FPS fs/1 kHz ≈ 1.891− 0.07(f/1 kHz)− 0.224(f/1 kHz)2 + 0.194(f/1 kHz)3;
f ∗K/1 kHz ≈ 1.561 + 0.484(f/1 kHz)− 0.081(f/1 kHz)2 + 0.008(f/1 kHz)3.
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We emphasize that fs = f
∗
K when R = R∗. The softer is the equation of state and the higher
is the NS angular velocity when it counterrorates with the disk, the larger is the difference
fs − f ∗K . Thus, fs specifies an additional characteristic frequency in the problem considered
by Inogamov and Sunyaev (1999), which is appreciably higher than the rotation frequency
of the matter in the bright latitudinal rings.
The NS Parameters at Which its Equatorial Radius is Equal to the Radius
of the Marginally Stable Circular Orbit. In order to determine the NS parameters
at which its equatorial radius is equal to the radius of the marginally stable circular orbit
in the equatorial plane, we must solve the system of equations (19) and (20) in which the
radius of the marginally stable orbit must be substituted for R. If we use formula (23) for the
equatorial radius, which includes only one function M(j,m) and its derivative with respect
to m, then we obtain values that differ only slightly from those calculated using (19) and
(20), within the accuracy of our calculation. In this case, however, we do not know the radial
parameter r = ρ2 to approximate the functions expressed in terms of the metric coefficients.
Recall that the thermodynamic functionM(j,m) of its own corresponds to each equation
of state [see expressions (16) and (17) for this function in the case of EOS A and EOS FPS].
We use formula (47) for the radiusR∗ in which the corresponding expressions [see formulas
(31) and (32) for EOS FPS and EOS A, respectively must be substituted for the quadrupole
coefficient b = b(j,m). Thus, for each fixed j, we sought the corresponding solutions of
the algebraic system (19) and (20) for m, r. Using the Mathematica program, we can find
a polynomial with the smallest rms deviation from the constructed points in the (j,m)
plane and obtain the m = m˜(j) curve that separates the equilibrium positions when the NS
lies within its marginally stable circular orbit in the equatorial plane from the equilibrium
positions with the NS lying outside this orbit.
The corresponding equations of the above curve in the (j, m) plane are
m˜(j) = 1.228 + 0.675j − 0.159 j2 + 0.104 j3 + 2.077 j4 + 1.25 j5, (49)
for EOS A and
m˜(j) = 1.355 + 0.797 j − 0.093 j2 − 0.343 j3 + 1.944 j4 + 2.86 j5. (50)
for EOS FPS.
For EOS FPS in the j, M plane, the equation of the curve separating the states with the
NS inside and outside R∗ is (see Fig. 8)
M˜(j) ≈ 1.259 + 0.575 j − 0.109 j2 − 0.163 j3 + 0.94 j4 + 3.2 j5.
Parameters of Circular Orbits on the NS Equator at R > R∗ for EOS A. Let
us introduce the parameters
dm ≡ (m˜(j)−m)/(m˜(j) + 2jm), dM ≡ (M˜(j)−M)/(M˜(j) + 2jM).
These parameters are zero at R = R∗ and unity at j = −0.5. When dm changes from 0 to 0.5,
the dm(j,m) = const curves in the (j,m) plane fill the region D = {1.1 ≥ m ≥ 2.5}×{R ≥
R∗}. Accordingly, when dM changes from 0 to 0.5, the dM(j,M) = const curves in the (j,M)
plane fill the region D = {1 ≥ M ≥ 2.1} × {R ≥ R∗}. We therefore approximate the energy
E, angular momentum l [calculated using (38)], and particle angular velocity fK in a circular
orbit lying on the stellar equator [calculated using (39)] in the region D by polynomials in j
and dm. For this purpose, we first approximate these functions at dm = 0, 0.1, 0.2, and 0.3
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by fourth-degree polynomials, finding the corresponding radial coordinates using Eq. (19),
and then interpolate them in dm (or dM) using Silvester - Legendre’s formula. Again using
the Mathematica program, we obtain for EOS A
E = 0.943− 0.029 j + 0.019 j2 − 0.017 j3 − 0.074 j4 +
dm (0.002− 0.001 j + 0.031 j2 + 0.305 j3 + 0.416 j4) +
d2m (0.097 + 0.398 j + 0.072 j
2 − 1.46 j3 − 1.56 j4) +
d3m (−0.057− 0.537 j − 0.752 j2 + 1.712 j3 + 3.011 j4), (51)
lc/(GM) = 3.463− 0.909 j + 0.661 j2 − 0.41 j3 − 1.373 j4 +
dm (0.028 + 0.076 j + 1.18 j
2 + 4.304 j3 + 3.95 j4) +
d2m (1.418 + 5.279 j + 0.318 j
2 − 15.653 j3 − 13.44 j4) +
d3m (0.855− 3.047 j − 14.241 j2 + 8.861 j3 + 35.58 j4), (52)
fK/1kHz = 1.972 + 0.466 j − 1.226 j2 − 0.741 j3 + 2.746 j4 +
dm (−1.183− 2.536 j + 4.738 j2 − 0.986 j3 − 32.15 j4) +
d2m (0.394 + 2.551 j − 2.079 j2 + 22.97 j3 + 102.84 j4) +
d3m (−0.993− 1.237j + 13.343 j2 − 34.48 j3 − 169.05 j4). (53)
Parameters of Circular Orbits on the NS Equator at R > R∗ for EOS FPS.
For EOS FPS, we derive the following approximation formulas for the parameters of an
equatorial Keplerian orbit using (38) and (39):
E = E˜(j) + dm (0.01− 0.02j − 0.294 j2 + 0.196 j3 + 1.586 j4) +
d2m (0.026 + 0.537j + 2.775 j
2 − 1.21 j3 − 11.039 j4) +
d3m (0.103− 0.874 j − 7.258 j2 + 1.943 j3 + 27.516 j4) ≈
E˜(j) + dM (0.002− 0.026 j + 0.043 j2 + 0.131 j3 + 0.373 j4) +
d2M (0.105 + 0.748 j − 1.184 j2 + 0.916 j3 + 2.726 j4) +
d3M (−0.069− 1.583 j + 5.382 j2 − 6.883 j3 − 14.83 j4), (54)
E˜(j) ≈ 0.942− 0.03j + 0.039j2 − 0.011j3 − 0.153j4;
lc/(GM) = l˜(j) + dm (0.049− 0.147 j + 0.237 j2 + 0.408 j3 + 4.79 j4) +
d2m (1.306 + 5.733 j + 5.272 j
2 − 2.106 j3 − 3.207 j4) +
d3m (0.743− 3.434 j − 23.054 j2 − 11.233 j3 + 32.45 j4) ≈
l˜(j) + dM(0.041− 0.466 j + 2.926 j2 − 1.619 j3 + 1.189 j4) +
d2M(1.064 + 12.501 j − 42.641 j2 + 63.336 j3 + 41.062 j4) +
d3M (2.512− 25.467 j + 182.594 j2 − 284.35 j3 − 202.93 j4), (55)
l˜(j) ≈ 3.457− 0.924 j + 0.895 j2 − 0.375 j3 − 2.224 j4;
ΩKGM/c
3 = f˜(j) + dm(0.083 + 0.184 j − 0.013 j2 − 0.087 j3 − 0.116 j4) +
d2m (−1.013− 2.31j − 0.268j2 + 1.116 j3 + 2.894 j4) +
d3m (1.794 + 4.686 j + 3.981 j
2 − 2.428 j3 − 17.387 j4) ≈
f˜(j) + dM (−0.097− 0.17j + 0.071j2 − 1.156 j3 − 2.302 j4) +
d2M (−0.136− 0.754 j + 1.681 j2 + 11.715 j3 + 9.366 j4) +
d3M (0.614 + 3.075 j − 5.577 j2 − 32.591 j3 − 13.9 j4), (56)
f˜(j) ≈ 0.059 + 0.025 j − 0.062 j2 − 0.017 j3 + 0.148 j4.
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Here, ΩK = 2πfK is the particle angular velocity in the equatorial Keplerian orbit (in
rad/ s).
The Maximum Rotation Frequency in Circular Orbits at R ≤ R∗ and R > R∗.
The marginally stable orbits [see formula (48)] and the Keplerian orbits lying on the NS
surface [see formulas (53) and (56)] have the largest frequency in Keplerian equatorial orbits
around the NS at R ≤ R∗ and R > R∗, respectively. We emphasize that we deal with circular
orbits; for the spiraling-in particles in the gap between R∗ and R, the angular velocities fs
are higher than those in the marginally stable orbit (see above). In order to interpret
the quasi-periodic millisecond oscillations from LMXB objects, it is useful to calculate the
dependence of the largest Keplerian frequency on the NS angular velocity; either (48) or
(53) and (56) must be used, depending on the situation. In Fig. 10, maximum Keplerian
frequency is plotted against NS rotation frequency for EOS FPS for fixed rest masses m at
0.1 steps. The NS angular velocity was calculated by using (9). The corresponding curves
are indicated by solid and dashed lines at R ≤ R∗ and R > R∗, respectively. The curve
for R = R∗ is also indicated by a dashed line. When this curve is reached, the maximum
possible Keplerian frequencies are obtained for a fixed rest mass. The dots indicate the
curve of stability loss according to the static criterion; it correspond to the M = M∗(j)
curve [m = m∗(j)] [see formulas (14) and (16)].
5 NS spinup via accretion and its luminosity.
Spinup in the Newtonian Theory. Let us first consider the Newtonian pattern for an in-
compressible, self-gravitating rotating mass of fluid whose equilibrium figure is a MacLaurin
spheroid.
The spheroid eccentricity e is defined as e =
√
1− c2/a2 [a, c are the bigger and smaller
semiaxes of the spheroid respectively].
The Keplerian equatorial rotation frequency can be determined by equating the gravity
and the centrifugal force:
fK =
√
Gρ/2πB(e); B(e) ≡
√√
1− e2
e3
arcsin e− 1− e
2
e2
(57)
The formula relating the angular frequency and the eccentricity of a Maclaurin spheroid
follows, in particular, from equilibrium conditions:
f =
√
Gρg(e)/2π; g(e) ≡
√
1− e2
e3
(3− 2e2) arcsin e− 31− e
2
e2
. (58)
Denote the mass brought by the accreting particles from the disk to the stellar equator per
unit time, which subsequently spreads over the star, changing its mass, angular momentum,
and total energy in an equilibrium way, by M˙ . From the law of conservation of angular
momentum, we have
d
dt
If = M˙afK . (59)
We derive the following evolutionary equation for the eccentricity from formula (59) (see
also Finn and Shapiro 1991):
d e
d t
=
5(B(e)− 2
3
√
g(e))
2(2e
√
g(e)/(3(1− e2)) + d
de
√
g(e))
M˙/M. (60)
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Figure 10: Particle rotation frequency in the marginally stable circular Keplerian orbit at R < R∗
(solid lines) and particle rotation frequency in an equatorial Keplerian orbit at R > R∗ (dashed
lines) versus NS rotation frequency for fixed rest massesm (EOS FPS). The upper envelope specifies
the frequency for R = R∗; at m = const, the functions f
∗
K(f) monotonically increase for R < R∗,
while the functions fK(f) monotonically decrease for R > R∗.
When the disk and the Maclaurin spheroid counterrotate, the sign in Eq. (53) before B(e)
must be changed to the opposite one.
Let us introduce a dimensionless parameter of angular acceleration q:
qM˙/M =
df
dt
√
2π
Gρ
=
d
√
g(e)
d e
d e
d t
. (61)
We substitute the right-hand part of (60) for de/dt.
The right-hand part of (61) can be expanded in a Taylor series in e by using (58). Passing
to a Taylor expansion of q as a function of dimensionless angular velocity f˜ ≡ f√2π/Gρ or
the ratio of the NS rotation frequency to the rotation frequency in an equatorial Keplerian
orbit, we obtain
q ≈ 2.0412− 5/3f˜ − 5.868f˜ 2 + 25/6f˜ 3 − 0.371f˜ 4 + 0.744f˜ 5 ≈ 2.041− 1.361 f
fK
−
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3.912
(
f
fK
)2
+ 2.608
(
f
fK
)3
+ 1.791
(
f
fK
)4
− 1.194
(
f
fK
)5
. (61a)
Note that formulas (61a) are also valid for negative f (counterrotation). The parameter of
NS angular acceleration is determined solely by its density and angular velocity.
Spinup in General Relativity. In general relativity, the dimensionless parameter of
angular acceleration q can be introduced as follows:
df
dt
=
c3
GM⊙
M˙
M
q or
df/1kHz
dt
= 111.37
M˙
M
q.
Using our results from SS 00, we can easily obtain for q in general relativity
q/M⊙ =
lc/(G)− 2jMM,m
M + 2jM,j
(
M,j
M(M + 2jM,j)
)
,j
+
(
M,j
M(M + 2jM,j)
)
,m
M. (62)
For slowly rotating stars (j < 0.1), the angular acceleration [as follows from (62)] is given
by
q ≈ M⊙M,jj
M2
. (63)
At M = 1.4M⊙, q ≈ 9.55, 8.33, and 8.54 for EOS A, EOS AU, and EOS FPS, respectively.
We emphasize that, here, we consider the instantaneous rate of change in the rotation fre-
quency of a NS with a given gravitational mass and angular velocity rather than the evolution
of NS parameters during accretion.
Below, we restrict ourselves to numerically constructed dependences for the EOS FPS
alone.
The approximation formula for q in the case of NS and disk corotation at M = 1.4M⊙ is
q ≈ 10.964− 6.057(f/1kHz) + 1.54 (f/1kHz)2. (64)
This formula is valid for angular velocities from 100 to 800 Hz. In the case of accretion-
disk and NS counterrotation (when the NS spins down), the approximation formula for |q|
in the same range of angular velocities is
q ≈ 10.565− 2.4(|f |/1 kHz)− 4.34 (f/1 kHz)2. (65)
For M = 1.8M⊙, an approximate formula for the parameter of angular acceleration q is
q ≈ 22.234− 9.664(f/1 kHz)− 1.63 (f/1 kHz)2 (66)
in the case of corotation and
q ≈ 20.27− 2.96(|f |/1 kHz)− 2.59 (|f |/1 kHz)2 (67)
in the case of counterrotation. These formulas are valid in the range of angular velocities
from 150 to 1200 Hz. Formulas (64) - (67) are slightly inaccurate for slow rotation. In this
case, formula (63) must be used. The transition from corotation to counterrotation of the
star and the disk in the exact statement (61)–(63) is smooth. In Fig. 11, 1 kHz q/ f is
plotted against f for fixed gravitational masses M = 1.2, 1.4, 1.6, 1.8M⊙.
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Figure 11: Angular acceleration via disk accretion versus NS rotation frequency at R < R∗
(solid lines) and at R > R∗ (dashed lines) for fixed gravitational masses M (EOS FPS) (see the
approximation formulas (54 - 58) for q(f) at the fixed gravitational masses M = 1.4 and 1.8M⊙).
The lower curves describes counterrotation (spindown). The upper curves describe spinup when
the NS and the disk corotate.
For comparison, Fig. 12 shows the (M/M˙)d ln f/dt dependences in the Newtonian theory
and in general relativity. The density ( ∼ 1014g/cm3) was chosen in such a way that the
maximum possible angular velocity were equal in both approaches. Energy Release on the
NS Surface During Disk Accretion for Weak Magnetic Fields. In Figs. 3 and 4, total
energy release on the surface of a NS with EOS FPS and in the accretion disk (solid line), as
well as the ratio of these energy releases (dashed line), are plotted against NS angular velocity
for normal sequences with the fixed rest mass m = 1.56M⊙ (M = 1.4M⊙in the static limit )
and m = 2.1M⊙ (M = 1.8M⊙in the static limit ).
We derived formulas for the energy releases in SS 00:
Ls = M˙c
2(E − Ωl/c2 − µ), Ld = M˙c2(1−E) atR ≥ R∗; (68)
Ls = M˙c
2(E∗ − Ωl∗/c2 − µ), Ld = M˙c2(1−E∗) atR ≤ R∗. (69)
Here, µ is the NS chemical potential, and Ω is its angular velocity (see SS 00). The quantities
in the formulas for the surface energy release are given by the following formulas: (9) for Ω;
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Figure 12: Comparison of the plots of angular acceleration q versus NS rotation frequency for
the fixed gravitational mass M = 1.4M⊙ in general relativity (EOS FPS) (heavy line) and in the
Newtonian theory (thin line) at matched maximum angular velocities.
(19) for µ; (45), (46) for E∗, l∗; (51), (52) for EOS A and (54), (55) for EOS FPS for E, l. In
the case of a nonrotating NS, the formulas for gravitational energy release were derived by
Sunyaev and Shakura (1986).
The energy release reaches a maximum when the disk and the neutron star counterrotate:
for EOS FPS, it is 0.414M˙c2 at f = −1.08 kHz ⁀for fixed rest mass m = 1.56M⊙ and
0.67M˙ c2 at f = −1.49 kHz for fixed m = 2.1M⊙.
Figures 1 and 2 show these quantities for the fixed gravitational masses M = 1.4M⊙ and
M = 1.8M⊙.
The maximum luminosity for the gravitational mass M = 1.4M⊙ is 0.408M˙ c
2 at f =
−1.08 kHz. The approximations for the total luminosity and the Ls/(Ls+Ld) ratio at |f | < 1
kHz for the gravitational mass M = 1.4M⊙ are given by formulas (1,2) in the Introduction.
The maximum luminosity for M = 1.8M⊙ is 0.62M˙c
2 at f = −1.41 kHz. The approxi-
mation for the total luminosity at |f | < 1kHz for M = 1.8M⊙ is
Ls + Ld ≈ (0.333− 0.193 f/1 kHz + 0.006 (f/1 kHz)2)M˙c2. (70)
If the f dependence of Ls/(Ls + Ld) is approximated by a quadratic trinomial in the range
−1 kHz < f < 1 kHz at M = 1.8M⊙, then we obtain
Ls/(Ls + Ld) ≈ 0.83− 0.17 f/1 kHz− 0.1 (f/1 kHz)2. (71)
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For comparison, we give approximations for ǫgrav = (Ls + Ld)/M˙ , the efficiency of gravita-
tional energy release on the surface of a NS with the soft EOS A and the moderate EOS
AU, as functions of rotation frequency f for NS normal sequence with M = 1.4M⊙ in the
static limit:
EOS A : ǫgrav/c
2 = 0.245− 0.152 f/1 kHz + 0.02 (f/1 kHz)2, (72)
Ls/(Ls + Ld) = 0.765− 0.242 f/1 − 0.108 (f/1 kHz)2, |f | < 1.3kHz; (73)
EOS AU : ǫgrav/c
2 = 0.225− 0.137 f/1 kHz + 0.01 (f/1 kHz)2, (74)
Ls/(Ls + Ld) = 0.773− 0.301 f/1 kHz− 0.174 (f/1 kHz)2, |f | < 1kHz. (75)
The softer is the equation of state, the stronger is the concentration of matter toward the
stellar center, and the larger is the gap between the marginally stable orbit and the NS
surface. Therefore, the energy release on the surfaces of stars with a soft equation of state
at the same masses and angular velocities exceeds the energy release on the surfaces of stars
with a stiff equation of state.
As follows from (1), (70), (72), and (74), the total energy release is a nearly linear
function of the NS rotation frequency over a wide range of its variation, |f | < 1kHz. This
distinguishes the general-relativity results from the Newtonian theory of disk accretion onto
Maclaurin spheroids (see below).
Estimating the Energy Release in the Newtonian Theory. When a rotating NS
is modeled by a Maclaurin spheroid, the following formula holds for the total energy release
in the disk and on the NS surface (φe is the gravitational potential at the equator):
Ls + Ld
M˙R2
=
1
2
((ΩK − Ω)2 + 2 φe
R2
− Ω2K) = πGρ((B −
√
g)2 + 2
(1− e2)3/2
e3
arcsin e+ 2− 2e2).
(76)
The notation (57) and (58) is used in (76). Expanding B(e) and g(e) in a Taylor series in
powers of e and expressing e in terms of f˜ ≡ f√2π/Gρ and f/fK yield
Ls + Ld
0.11M˙c2
(
M
1.4M⊙
)−2/3(
ρ
1014g/cm3
)−1/3
≈ 1−1.2247f˜+0.5f˜ 2−1.0716f˜ 3+0.3125f˜ 4−1.608f˜ 5 ≈
1− f
fK
+
1
3
(
f
fK
)2
− 1
3
(
f
fK
)3
− 1
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(
f
fK
)4
+
1
36
(
f
fK
)5
. (77)
The speed of light in (77) was introduced for convenience of comparing the energy releases
in the Newtonian theory and in general relativity.
For the ratio of the energy release on the surface of a Maclaurin spheroid and the total
energy release, we have an exact formula:
Ls
(Ld + Ls)
= 0.5(1− f/fK) ≈ 0.5− 0.612f˜ − 0.23f˜ 3 − 0.5f˜ 5 − 1.33f˜ 7. (78)
Note that, in contrast to general relativity, the Newtonian theory underestimates the
contribution of the surface luminosity to the total luminosity for slow rotation and counter-
rotation: compare formulas (78) with (2), (71), (73), and (75).
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6 Neutron Star and Disk Counterrotation
The approach developed here allows the energy release during disk accretion to be calculated
in the two most important cases where the star and the disk matter corotate and counterro-
tate. Unfortunately, the problem with an arbitrary angle between the disk and NS rotation
axes is much more complex.
As we see from the figures and the approximation formulas (1), (2), (70 - 75), when the
directions of the rotation axes coincide, the surface energy release decreases in importance
compared to the static case, while the disk energy release increases in importance. An
important thing is that the gap between the disk and the NS disappears for rapid rotation in
the same sense. The total energy release is appreciably smaller (by a factor of 1.55) than that
for a nonrotating NS with the external geometry described by the Schwarzschild solution
even at the observed rotation periods of bursters (of the order of 600 Hz). The Ld/Ls ratio
is equal to unity at f = 600Hz for EOS FPS and M = 1.4M⊙.
Generally, counterrotation is great interest. In this case, the total energy release during
disk accretion abruptly increases, reaching the record 0.49M˙c2 for an 1.4M⊙ star in the case
of the most rapid counterrotation, and even reaches 0.67M˙c2 for the maximum-mass normal
sequence, which is unstable in the static limit for a NS with the soft EOS A. Note that this
energy release exceeds appreciably the energy release of 0.422M˙c2 in the disk during accretion
onto a Kerr black hole with the maximum possible dimensionless angular momentum j = 1.
Interestingly, by contrast to a Kerr black hole, the energy release during accretion onto a
NS is at a maximum in the case of counterrotation. In section 5, we provide approximation
formulas for the other two equations of state as well, showing that there is the same tendency
for them. In general relativity, enhanced energy release is accompanied by a faster angular
deceleration of the NS than in the Newtonian theory. As we see from Figs. 1-4 and the
approximation formulas (24 - 28), there is a gap between the marginally stable orbit and the
NS surface in the case of counterrotation almost for all equations of state.
We do not consider the detailed physics of the spread and boundary layers but discuss
only the parameters of the marginally stable orbit disregarding other forces acting on the
accreting particles, for example, light-pressure forces. Concurrently, the Ls/Ld ratio abruptly
increases for counterrotation: much more energy is released on the NS surface than in the
disk. Formulas (2), (71), (73), and (75) give simple approximations of Ls/(Ls+Ld) for three
characteristic NS equations of state as functions of stellar rotation frequency.
Nuclear and Gravitational Energy Release in X-ray Bursters. The most impor-
tant parameter of X-ray bursters is the ratio of energy Enuc released during a relatively short
(5-20 s) X-ray burst (resulted from a nuclear explosion in the matter accreted onto the NS
surface) to energy Egrav released via accretion in intervals between two successive explosions
T. This energy release of the infalling matter is related to the release of gravitational energy.
Explosions recur as nuclear fuel is accumulated and follow with a quasi-period from several
hours to several days. Clearly,
Enucl
Egrav
=
∫
tburst
Lburst dt∫ ti+T
ti
Lgrav dt
=
ǫnucl
ǫgrav
,
where ǫnucl is the efficiency of nuclear energy release, close to 1 MeV/nucleon ≈ 10−3c2, for
helium burning and its conversion into C12 and for the subsequent thermonuclear reactions
up to the production of iron (Bildsten 2000). As we pointed out above, ǫgrav = (Ls+Ld)/M˙
is a strong (perceptible) function of the NS angular velocity and its direction.
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For a 1.4 M⊙ star, the energy release ǫgrav during accretion onto a NS is (depending on
the equation of state): (1) 0.245c2 for EOS A, 0.217c2 for EOS AU, and 0.213c2 for EOS
FPS in the case of a slowly rotating star; (2) 0.172c2 for EOS A, 0.145c2 for EOS AU, and
0.128c2 for EOS FPS in the case of corotation with a frequency of 600 Hz; and (3) 0.32c2 for
EOS A, 0.311c2 for EOS AU, and 0.308c2 for EOS FPS in the case of counterrotation with
a frequency of 600 Hz.
It is thus clear that allowance for rotation can account for the observed luminosity vari-
ations from source to source within a factor of 2 - 2.5.
In this case, only ǫgrav varies; we assume ǫnucl to be independent of the stellar rotation
and ignore the difference in the spectra of the disk and the stellar surface.
This simple argument indicates that ǫgrav/ǫnucl is relatively low for corotating objects.
At the same time, the considerably rarer cases of counterrotation must result in abnormally
high ǫgrav/ǫnuc; this cannot affect the recurrence time of nuclear bursts, but appreciably
reduces their amplitude. It is reflected only in an increase of the persistent flux between
bursts. Such cases are observed. One should pay particular attention to such sources as
objects in which the angle between the NS and disk rotation axes exceeds appreciably π/2.
Observational Differences between Corotating and Counterrotating Objects.
The observational manifestations of accreting neutron stars must strongly depend on whether
the NS and the disk corotate or counterrotate even at observed rotation frequencies of ∼600
Hz. The most important difference is associated with the presence of a fairly extended gap
between the disk and the NS when they counterrotate. This may give rise to an appreciable
energy release in the equatorial boundary region, in addition to the two regions equidistant
from the equator predicted by the theory of matter spread over the NS surface. At low
accretion rates, a hard spectrum originating in a strong shock wave, in which the radial
velocity is lost, can form in the equatorial region. Thus, the radial and azimuthal velocities
determine the energy release in the equatorial region and in the bright equidistant belts
(Inogamov and Sunyaev 1999), respectively. At all the observed NS rotation frequencies,
the energy release associated with the radial velocity (though it reaches 10 - 15 % of the
azimuthal velocity in the equatorial region on the NS surface) is incapable of significantly
affecting the dynamics of the infalling gas, because it cannot compensate for the difference
between the gravity and the centrifugal force for the infalling particles near the NS surface.
The presence of a gap at low accretion rates allows us to record photons from the lower
NS hemisphere, which is completely hidden by the disk from the observer in the case of
corotation where there is no gap. However, the main thing is that the surface luminosity
greatly exceeds the luminosity in the accretion disk when the Ls/Ld ratio reaches 5 or 6 for
counterrotation of an M = 1.4M⊙ star with a frequency of 600 Hz. Note that, when the
star cororates and has a rotation frequency of 600 Hz, the disk luminosity is approximately
the same as that of the entire NS surface. This case is much closer to the case of accretion
onto a black hole (where there is no solid surface at all) than the case of counterrotation.
Why Might We Expect the Existence of Accretion Disks around Counterro-
tating Stars? In the standard pattern of NS spinup by the accreting matter, all stars must
eventually corotate with the accretion disk. Nevertheless, nature allows for the formation of
counterrotating low-mass star and disk.
(1) Imagine a binary produced by an explosion of the more massive component turning
into a NS. The kick during an asymmetric explosion, which is widely discussed in the liter-
ature, must result not only in a high velocity of the formed NS but also in its appreciable
rotation (Spruit and Phinney 1998). In this case, it is doubtful that the sense of rotation
resulting from the kick coincides with the sense of rotation of the disk, which is determined
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by the direction of the binary’s orbital angular momentum. The circularization time of a
close binary’s orbit must be appreciably shorter than the time of change in the NS rotation
axis.
(2) Tens of millisecond pulsars are observed in rich globular clusters, and there may be
many hundreds of binaries containing neutron stars with weak magnetic fields. A change
of the low-mass partner in such a binary during a close encounter with a single star (see
McMillan and Hut 1996) can, in principle, give rise to a binary with NS and disk coun-
terrotation. The ejection of such a binary from the globular cluster by tidal forces when
the cluster traverses the central part of the Galaxy (or through the interaction of close pairs
inside the globular cluster) can give rise to binaries with NS and disk counterrotation outside
these clusters.
(3) If a rapidly rotating neutron star with a weak magnetic field is born during gravita-
tional collapse in a massive binary, then accretion of the high-speed stellar wind emitted by
a massive, hot supergiant takes place. Illarionov and Sunyaev (1974) pointed out that, in
this case, an accretion disk can form around the NS, but the sense of rotation of the disk can
depend on density and velocity fluctuations of the matter near the capture radius. Clearly,
the transition from states close to NS and disk corotation to states with an appreciable an-
gle between the NS and disk rotation axes must be accompanied by a radical change in the
effective energy release and spectrum. If a counterrotating disk is formed in this case, then
surface nuclear explosions are much more difficult to observe in such a binary because of the
low ǫnucl/ǫgrav ratio, which may hamper the binary’s identification as an X-ray burster. Such
a binary may turn out to be similar in many ways to 4U 1700–37, from which no regular
X-ray pulsations are observed (there is no strong magnetic field) and from which (although
the X-ray emission is erratic) no X-ray bursts of the first type (coupled with surface nuclear
explosions) have been observed so far.
7 Discussion
Rapid rotation of accreting neutron stars is widely discussed in the literature devoted to
interpretation of the nature of kilohertz quasi-periodic X-ray oscillations from low-mass X-ray
binaries (Van der Klis 2000; Wijnands and Van der Klis 1997; Miller et al. 1998; Stromayer
et al. 1998; Titarchuk and Osherovich 1998). The kilohertz quasi-periodic oscillations were
discovered from the RXTE satellite.
For neutron stars rotating with periods of 300–600 Hz, the NS rotation affects significantly
its internal structure and external field. Hartle and Sharp (1967) (see also Hartle 1978)
developed a variational principle for rotating barotropic stars.
Numerical calculation of a rapidly rotating star with a polytropic equation of state, cal-
culation of differential rotation, and the case of piecewise constant polytropic indices (as the
asymptotics of the equations of state for stellar matter at temperatures below the degener-
acy temperature; see Eriguchi and Mueller 1985) for large angular velocities present series
computational difficulties even in the Newtonian approximation. These difficulties have been
overcome only relatively recently (see Ostriker and Mark 1968; Tassoul 1978; Hachisu 1986).
In general relativity, there are several numerical algorithms (codes) for finding steady-state
configurations of rotating gas masses in their gravitational fields: Butterworth–Ipser’s (1976)
method, Friedman et al.’s (1986) modification of this method, the KEH method (Komatsu
et al. 1989), Cook et al.’s (1994) modification of this method (see also Stergioulas and Fried-
man 1995), and the BGSM code based on spectral methods (Bonazzola et al. 1993; see the
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comparison of different approaches Eriguchi et al. 1994; Nozawa et al. 1998). Friedman
et al. (1986) first published calculations of steady-state configurations of rapidly rotating
neutron stars using realistic tabulated equations of state. Previously, Butterworth and Ipser
(1976) and Bonazzola and Schneider (1974) used polytropic models and an incompressible
fluid model. Many important physical parameters of the NS external field for 14 equations
of state (including detailed tables of sequences with a fixed rest mass for EOS A, AU, FPS,
M, and L) are contained in Cook et al. (1994). Based on the BGSM code, Salgado et al.
(1994) analyzed the global parameters of neutron stars with different equations of state.
Datta et al. (1998) gave tables of NS parameters at fixed NS angular velocity and central
density for EOS A, B, C, D, E, F, and the new equations of state BBB1, BBB2, BPAL21,
and BPAL32. Based on the KEH method, Stergioulas (1998) developed a numerical code
for computing the global parameters of neutron stars with many known equations of state.
This code computes the NS properties as functions of two parameters: one is the central
density, and the other can be either the rest mass or the gravitational mass, or the angular
momentum, or the angular velocity. We repeatedly used this code in our calculations, which
allowed us to construct the above approximation formulas.
As was already pointed out above, the gravitational fields of rotating gas configurations
are essentially nonspherical at large angular velocities (Chandrasekhar 1986); all multipole
components [as, for example, on the surface of a Maclaurin spheroid; see formulas (76) -
(78)] contribute to the gravitational field near them.
Approximate and exact analytic solutions of the Einstein equations in a vacuum which
approximate the numerical results obtained by the above authors are of considerable interest
in describing the physical processes in strong external gravitational fields.
This problem was independently considered by several authors in 1998. Based on the
numerical results of Cook et al.(1994), Laarakkers and Poisson (1998) analyzed the depen-
dence of the quadrupole coefficient [which emerges in the expansion of the metric potential ν
in the form of Bardeen and Wagoner (1971) at large radii] on Kerr parameter j. Laarakkers
and Poisson (1998) pointed out that, in contrast to the nonrelativistic case, this dependence
can be approximated by a parabolic law for the equations of state they considered.
Shibata and Sasaki (1998) used Fodor et al.’s (1989) asymptotic expansions of the func-
tion ξ =
√
ρ2 + z2(1−E)/(1+E) (here, E is the Ernst complex potential; ρ and z are Weil’s
canonic coordinates) in the equatorial plane and on the symmetry axis to determine the ra-
dius of the marginally stable orbit and the particle angular velocity in this orbit in the form
of formal expansions in powers of the dimensionless angular momentum j. The coefficients
of these expansions were expressed in terms of Geroch–Hansen’s multipole coefficients (see
Hansen 1974), relative to which their order by j was assumed.
The marginally stable orbit is of considerable importance in interpreting the kilohertz
QPOs detected by the RXTE satellite. Therefore, based on the numerical results of Cook et
al. (1998), Miller et al. (1998) analyzed the dependences of the radius and angular velocity
in the marginally stable orbit, as well as the equatorial radius, on the NS angular velocity
for various equations of state of neutron matter.
Independently, Thampan and Datta (1998) also numerically analyzed the dependence of
the Keplerian angular velocity in the marginally stable orbit on the NS angular velocity.
When calculating the luminosity from the equatorial boundary layer, these authors assumed
that the accreting particles radiated away all the energy equal to the difference between the
energy in a Keplerian orbit and the energy of the particle corotating with the star on its
equator. This assumption differs radically from our treatment in SS 98, SS 00, and this
paper.
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When the inverse effect of the spreading matter is considered on long time scales, the
structural changes in the neutron star caused by the changes in its mass and angular momen-
tum through their influx during accretion must be take into account. Lipunov and Postnov
(1984) and Kluzniak and Wagoner (1985) in calculation of NS spin-up by the disc accretion
assumed the moment of inertia to be equal to that of nonrotating star and the rotation
velocities to be low enough.
Burderi et al. (1998) made an attempt to describe the evolution of the NS angular
velocity under the effect of disk accretion by using the Kerr metric for the NS external
field. These authors also used approximation formulas for the gravitational mass of the type
M = m(1 − α/R), MR3 = const (here, m is the NS rest mass) and extrapolated the
formula of Ravenhall and Pethick (1994) for the moment of inertia in the static case to the
case of rapid rotation; they postulated a relationship between the equatorial radius and the
angular velocity, expressions for the maximum radius and the maximum angular velocity,
etc.
Our approach (SS 00 and this paper) assumes that the luminosity from the stellar surface
is considered on the basis of the first law of thermodynamics by taking into account changes
in the NS total energy during quasi-uniform changes in its parameters under the effect of
disk accretion. In the Newtonian problem, the energy release is proportional to the square
of the Keplerian velocity on the NS equator relative to the frame of reference corotating
with the star. This idea was generalized to the case of general relativity. In the absence of a
magnetic field and for a constant entropy, the energy release takes place only in an extended
disk and on the surface of a cool star.
To accurately describe the external field of a rotating neutron star, we proposed (SS 98)
to use exact solutions of the Einstein equations in a vacuum, for which the Ernst complex
potential on the symmetry axis has a simple structure with arbitrary constants that have the
meaning of multipole coefficients. The exact quadrupole solution accurately describes the
external fields of rapidly rotating neutron stars, and, by contrast to asymptotic expansions
in inverse powers of the radius, is meaningful up to the stellar surface. Note that expanding
our solution in inverse powers of the radius in the equatorial plane yields a result that differs
from the result of Shibata and Sasaki (1998) by terms of the order of j4, because their
assumption about the order of Geroch - Hansen’s multipole coefficient Q4 breaks down in
our exact solution.
As the NS rest mass approaches the largest mass which is stable only in the presence of
rotation, the quadrupole coefficient decreases, and the NS external gravitational field differs
only slightly from the gravitational field of a rotating black hole (Kerr solution).
CONCLUSION
The method developed here and based on the static criterion for stability has allowed
us to construct approximation formulas for the NS mass and its quadrupole coefficient as
functions of its rotation parameter j and rest mass m. Using these functions and their partial
derivatives, we determined all the remaining global NS characteristics: angular velocity, mo-
ment of inertia, equatorial radius, external gravitational field, parameters of the marginally
stable orbit at R < R∗, and parameters of an equatorial Keplerian orbit at R > R∗ as
functions of j and m or as functions of j and M. To this end, we used the thermodynamic
ideas developed in SS 00. To describe the external field of a NS, we used an exact solution
of the Einstein equations with an additional constant compared to the Kerr solution, which
has the meaning of quadrupole coefficient. In the parameter plane, we found the curves that
separate the states with a NS inside and outside the marginally stable orbit, as well as the
neutral curves of stability loss according to the static criterion.
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The inferred parameters enabled us to calculate; (i) the energy release in the disk and
on the NS surface in the presence and absence of a marginally stable orbit, (ii) the tetrad
velocity components and the particle angular velocity on the NS surface on which they fell
from the marginally stable orbit, and (iii) the spinup (spindown) rate as a function of the
NS rest mass (or gravitational mass) and rotation frequency. We provided the corresponding
approximation formulas for several equations of state at M = 1.4M⊙.
In the Newtonian formulation (when the stellar matter is modeled by an incompressible
fluid), the surface energy release and the spindown rate are given in the form of Taylor
expansions in terms of the dimensionless rotation frequency for an arbitrary NS mass.
Using the property of the solution for the external gravitational field to belong to the
class of solutions for two coaxially rotating black holes or Kerr disks, we hypothesize that the
NS stability to the ”quadrupole” oscillation mode is lost at the critical quadrupole moment
b = 0.25(1− j2).
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